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PKEFACE. 



The prominence which the modern geometrical methods 
have recently acquired in the studies of the University of 
Cambridge, appears to justify the publication of a treatise 
devoted exclusively to these branches of Mathematics. 
This remark applies more especially to the method of 
Trilinear Co-ordinates, which forms the subject of the 
greater part of the following work. My object in writing 
on this subject has mainly been to place it on a basis 
altogether independent of the ordinary Cartesian system, 
instead of regarding it as only a special form of Abridged 
Notation. 

I A desire not unduly to increase the size of the book 
I has prevented me from proceeding beyond Curves of the 
I Second Degree. 

I I have introduced a short Chapter on Determinants. 
The great utility of these expressions in investigations 
connected with curves of the second degree will, I hope, 



VI PREFACE. 

be a sufficient excuse for the employment of a notation 
which has hitherto been hardly admitted into Cambridge 
text-books. I have, however, confined myself rigorously to 
the demonstration of such elementary properties as are 
required in the course of this work. I should be glad if 
the very slight sketch contained in Chapter III. should be 
the means of inducing any of my readers to refer to the 
original memoirs on this and kindred subjects. 



GONVILLE AND CaIUS COLLEGE, 

Julyy 1 86 1. 
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MODERN GEOMETRY. 
CHAPTER I. 

TRILINEAR CO-OBDINATES. EQUATION OP A STRAIGHT LINE. 

1. In the system of co-ordinates ordinarily used, the 
position of a point in a plane is determined by means of its 
distances from two given straight lines. In the system of 
which we are about to treat, the position of a point in a 
plane will be determined by the ratios of its distances from 
three given straight lines in that plane, these straight lines 
not passing through the same point. The triangle formed 
by these tlSee straight lines is called the triangle of reference, 
its sides, lines of reference, and the distances of a point from 
its three sides will be called the trilinear co-ordinates of that 
point. We shall usuallv denote the angular points of the 
triangle of reference by the letters -4, J?, ^, the lengths of the 
sides respectively opposite to them by a, i, c, and the dis- 
tances of any point nrom BC^ GAy AB respectively by the 
letters a, )8, 7. 

When two points lie on opposite sides of a line of re- 
ference, the distance of one of these points from that line may 
be considered as positive, and that of the other as negative. 
We shall consider a, the distance of a point from the line BG^ 
as positive if the point lie on the same side of that line as the 
point A does, negative if on the other side ; and similarly for 
jS and 7. It thus appears that the trilinear co-ordinates of 
any point within the triangle of reference are all positive; 
while no point has all its co-ordinates negative. 

2. Between the trilinear co-ordinates of any point an Im- 
portant relation exists, which we proceed to investigate. 

If A denote the area of the triangle of reference, a, )8, 7, 
the trilinear co-ordinates of any point, then 

aa + hfi + cy = 2A. 
Let Pbe the given point, and first suppose it to lie within 
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the triangle of reference (fig. 1). Join P4, PB, P(7, and 
draw PD perpendicular to -8(7. Then PD=at and oa = twice 
the area of the triangle PBG, 

Fig. I. 




Similarly hfi = twice the area of PCA^ 
erf = twice the area of PAB^ 
Adding these equations, we get 

Next, suppose P to lie between AB^ ^(/produced, and on 
the side of BG remote from A (fig. 2). Then a will be 

Fig. «. 




ASEA OF THE TBIANGLE OF REFERENCE, 



3 



negative, while )8, 7 are positive. Hence, twice the area PBG 
wifi be represented by — aa, and we shall therefore have aa 
before 

Thirdly, let P lie between AB, AG^ produced backwards 
(fig. 3), so that ^, 7 are negative while a is positive. Twice 




the areas of PjB(7, POA^ PABy are now represented by 
aa, — bfif — cff respectively, so that we still have 

In all cases, therefore. 

The importance of the above proposition arises from its 
enabling ns to express any equation in a form homogeneous 
with respect to the trilinear co-ordinates of any point to 
which it relates. Any locus may be represented, as in the 
ordinary system, bv n^eans of a relation between two co^ 
ordinates, p and 7 lor example, and this may be made homo-* 

geneoufl in a, i8, 7 by multiplying each term by ^ — -^,. 

1—2 
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raised to. a Buitable -power. Thns, the equation /8*+A7+it*=0 
is equivalent to idie nomogeneous equation 

4A*/8'+ 2AA7 (aa -f ft^ + 07) + i" (aa+ J^S + 07)* = 0. 

The following examples may familiarize the reader with 
this system of co-ordinates. 

1. Prove that the co-ordinates of the middle point of the 
line BG are 0, t , — ; 

2. The co-ordinates of the centre of the circumscribed circle 
are EcoaAj E cos By JR cos (7, where 

2A 



E = 



a cos A-hb cos B + c cos C 



3. The co-ordinates of the centre of the inscribed circle are 
each equal to ^ . = "T" 

What are the co-ordinates of the centres of the escribed 
circles? 

4. The co-ordinates of the centre of gravity are 

2A 2A 2A -^ \?!^ 

3a' W 3e' /^ ^'^ 

5. Prove that asin^ + )9sin^ + ysin(7 is equal to 5^ j 
where E is the radius of the circumscribing circla • V_V 

3. To find the distance between two given points, in terms 
of their trilinear co-ordinates. 

^ Let Oj, i^i, 7i; a,, )8j, 7,, be the co-ordinates of two g^ven 
points, r the distance between them. 

Then, r* will be a rational integral function of aj— a,, 
i^i"" A> 7i ""78? of tte second degree*. 

* Thig^ if noi BeIf->eYident, may be proved aa foUowB : 

Let P, Q be the two given points. Join PQ, and draw PM, QM^ perpen* 
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Again, sioce 

Similar expressions may be found for {/3^ — ^J*, (7^ — yj*. 
Hence, r* will be of the form 



dicalur to il3« PN, QN' to ilC. I>raw Qm perpendicular to PM, Qn to PN, 
aud join mn. Then 



BinmPn 



ainil' 
and i^i=ft-/Sb, Pm=7i-7,; 

Fig. 4. 




fdn'ii ' 

a rational integral ftinction of the lecond degree* 
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where 2, m, n are certain functions of a, by c, which we pro- 
ceed to determine. 

Since the values of Z, m, n are independent of the positions 
of the points, the distance of which we wish to find, sup- 
pose lliese points to be jS and C. Then 

ai = 0> A^'T* '^^^ ' 



also r^a. Hence 





^ ^ ^ 2A 


«,■■ 


= 0, A=o, 7.= — ; 


nci 


^ ;2^ 2A. 






• 4A»* 






a5»c 




"»= 4A'' 




oJc* 




" 4A«- 



Similarly 



Hence r»=-^,{oOS.-y8^(7,-7j + *(7»-7.) («.-«,) 

+ c(a,-«O0S,-y8.)}. 

This is one form of the expression for r*. It may also 
be proTed in a similar manner that 

r'=:^.{acos^(a,-a/ + Scos508,-/8J« 

+ c cos (7 (7i - 7j)*}. 

4. We next proceed to investigate the equation of a 
straight line ; and first, we shall consider the cases of certain 
straight lines bearing important relations to the triangle of 
reference. 

To find the eqtiatian of the straight line draton throtigh 
one of the angular points of the triangle of refsrence^ so as 
to bisect the opposite side. 

Let D be the middle point of the side BO^ we have then 
to investigate the equation of the straight line AD. 
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In AD take any point P, and let a, A 7 ^ i^s co-ordi- 




nates. From i>, P draw jDjET, P(y perpendicular to ^ (7, i)jP, 
Pff perpendicular to AB. Then by similar triangles 

pa : DE :: Pff : DF. 

But DE.AG^DF.AB, 

for each is equal to the area of the triangle ABC. 

Hence PG.AG^PH.AB, 

or J/8 = C7. 

This is a relation between the co-ordinates of any point 
on the line AD^ it therefore is the equation of that line. 

Cob. It hence may be proved that the three straight lines, 
drawn through the angular points of a triangle to bisect the 
opposite sides, intersect in a point. For these straight lines 
will be represented by the equations 

5/8 = cy, 

C7 = aa, 

aa = 5/8, 

and, therefore, all pass through the point for which 

aa = J/8 = cy. 
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la the next tJiree propositions the reader will easily be 
able to draw a figure for himselfi bj comparison with fig. 5, 

5. To find the equation of the straight line drawn through 
one of the angular points of the triangle of reference, perpen- 
dicutar to the opposite side. 

Making a construction similar to that in the last proposi- 
tion, it wifl be seen that we have here 

cos B cos G * 

each of these firactions being equal to the area of the triangle 
AEG. 

„ PG.AG PH.AB 

Hence w-— 7r-5 

cosjS cost/ 

or ^ cos 5 = 7 cos G. 

This will be the equation of the straight line, drawn 
through A, at right angles to BG. 

Cob. It may hence be shewn that the three straight 
lines drawn through the angular points of a triangle, perpen- 
dicular to, the opposite sides, intersect in the point deternained 
by the equations 

a cos-4 = i8 cos-B = 7 cos G. 

6. To find the equations of the internal tmd external 
bisectors of an angle of the triangle ofref^ence. 

For the internal bisector of the angle A, we shall have, 
making the same construction as before, 

PG^FK 

The straight line will be therefore represented by the 
equation ^8 = 7. 
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For the external bisector we proceed as follows. Let Q 
be any point on the line, a, ^, y its co-K>rdinates. Draw QK 
perpendicular to -4(7, QL to AB. Then, as before, we have 

QK^ QL. 

It will however be observed, that if Q and B lie on the 
same side o{ AC, Q and C will lie on opposite sides of AB, 
and vice versd. Hence, if 

We have therefore 

as the equation of the line A Q, which extemallj bisects the 
angle A. 

From the form of these equations we see, (1), That the 
three internal bisectors of the angles of a triangle intersect 
in a point; (2), That the internal bisector of any one angle, 
and the external bisectors of the other two, also intersect in 
a point. 

These points may be shewn to be respectively the centres 
of the inscribed and escribed circles. 

We shall hereafter prove that the points, in which the 
external bisectors of each angle respectively intersect the sides 
opposite to them, lie in the same straight line ; and also that 
the points in which the external bisector of any one angle, 
and the internal bisectors of the other two angles, intersect 
the sides respectively opposite to them, lie in the same 
straight line. 

7. We now proceed to investigate the general equation 
of a straight line. 

Every straight line may he represented hy an equation of 
the first degree. 

Let Q be any point on the straight line -4 (7, JB on AB, 
and P any point on the straight line QR^ then we have to 
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investigate the relation between the co-ordinates (o^ /3, 7) of 
the point P. 

Fig. 6. 




The property of the straight line, which we shall make 
the basis of oar investigation, is, that it is the locus of a point 
which moves in such a manner, that the sum of the areas of 
the triangles PA Q, PAR is constant. 

Let AQ=^q^ AR = r, then the areas of the triangles 
PAQ, PAR wm be respectively represented by ij/8, Jr7, 

and the area of QAR by t- A* 

Hence q^+ry=~ A 

This is the equation of the straight line QR, and, since it 
involves the two arbitrary quantities g, r, it is in the most 
general form of the equation of the first degree between two 
variables. Putting 

qra ^ qr qr 

the equation maj be written 

Za + m/3+ny = 0. 
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8. We shall next establish the converse proposition, that 
wery equation of the first degree represents a straight line. 

Fig. 7. 




Let fa + m)8+w7 = 

he the general equation of the first degree, and let f, g, h 
he the co-ordinates of anj fixed point D on the locus of the 
equation, a, )8, 7 those of any point P. 

Draw DEy PM perpendicular to ^(7, DF, PN perpendi- 
cular to AB. Also draw Ihny Dn, perpendicular respectively 
to PM, PN. 

Then Pm^p-g, Pn^^y-h. 
Also, since /, ^, A is a point on the locus, 
1/+ mg + nh = 0, 
whence I (a -/) + w ()8 -5^) + w (7 — A) = 0, 

Again, aa + hfi + cy = 2A, 

af+ Jy + cA = 2 A ; 
/. o(a-/)+J08-5')+c(7-A)=0; 

bn-^cm cl'-an am-^bV 



12 MODESV GEDMETKT. 

Hence, the ratio of Pm to A» is oonBtant, whatever point 
the locns P may TepiesM 
that locus is a straight line. 



on the locns P may repiesent. This can only be true when 
' ' \ lin< 



9. To Jlnd the co-ordinatea of the poitU of inter section of 
two given straight lines. 

Let the equations of the two straight lines be 

Where these intersect, we have 

g ^ ^ = y , 
mn — m'n rd' — nl Im — I'm ' 

These equations, combined with 

give the values of a, /8, 7, at the point of intersection. 

10. To fnd the equation of the straight line^ j^assing 
through ttoo given points. 

Let f g, h', f\g\ h\ be the co-ordinates of the two given 
points, and suppose the equation of the required straight line 
to be 

ia + Jf/9 + JV7=0. 

We must then have 

Lf+Mg+Nh^O, 

Lf + Mg' + Nh'=^0; 
whence 

L M N 



gh'-^g'h hf^hf^fg'^fg^ 
giving, as the equation of the required line, 
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11. To find the general equation of a straight line, pass- 
ing through the point of intersection of two given straight tines. 

If the equations of the straight lines be 
la + mfi + wy = 0, 

svery straight line, passing through their point of intersection, 
may be represented by an equation of the form 

h + mfi + ny = k {ra + mfi + ny), 

where & is an arbitrary constant. For this equation is satis- 
fied when the equations of the given straight lines are both 
satisfied, and, being of the first degree, it represents a straight 
line. It is therefore the equation of a straight line passing 
through their point of intersection. 

12. To find the condition that three points rriay lie in the 
same straight line. 

Let ttj, p^y 7^; a,, ^„ y^\ a^, /S,, 7,, he the co-ordinates 
of the three given points, then, if these points lie in the same 
straight line, suppose the equation of that line to be 

Xa + /*^ + w7==0. 

Then X, /it, v must satisfy the following equations : 
^^ + M^i + W7i = 0, 

>^a + /^ft + w73 = 0, 
whence, eliminating X, /Lt, Vy by cross multiplication, 

the required condition. 
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13. To find ike condition that three straight lines may 
intersect in a paint. 

Let the equations of the straight lines be 

l^a + mJ3+n^y^0j 

If these three straight lines intersect in a point, the above 
three equations must be satisfied hj the same values of 
a, /9, 7. This gives, eliminating a, 13, 7 by cross-multipli- 
cation, 

Ijinji^ — IjTn^n^ -f Ijn^n^ — l^m^n^ + l^m^n^ — l^mjn^ = 0, 

the required condition. 

The identity of form between the conditions that three straiglit | 
lines should intersect in a point, and that three points should lie 
in a straight line, is worthy of notice. Its full geometrical mean- I 
ing will he seen hereafter. I 

We shall sometimes, in future investigations, speak of the 
straight line represented by the equation la + mfi + wy = 0, as the 
straight line {l, m, n). Adopting this phraseology, it will be seen 
that the condition that the three points (1^ m^ n^) (l,, m^, nj 
(1,, m,, Ug) should lie in the same straight line, is the same as tM 
condition that the three straight lines (1^, m^ n^) (1,, m^, nj 
(I3, m,, nj should intersect in a point. 

14. To find the condition that two straight lines may he 
parallel to one another. 

Let the equations of the two straight lines be 

i Za -h w/8 -f- 717 =0 (1), 

ra-hw'i8 + w'7 = (2), 

Let {f, g, h) (a, ^, 7) be the co-ordinates of any two points 

in(l), 

(/» 9^ *') (*> ^\ y) ^ ^^^ co-ordinates of any two points 

1(2). 
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Then the condition of parallelism requires that 

Also, recurring to the investigation of Art. (8), fig, 7, 

«-/ ^ fi-ff ^ y-h 
hn — cm cl ^ an am — hV 

hn — cm' cf — an* am — Jf * 
Hence, the required condition of parallelism is 
hn^cm cl — an am — hi 



hn* — cm' cV — an* ami — hV 



(3). 



These two equations are equivalent to one only, since they 
may be written m the form 

n^m Z^w m I 

c b a c ha 

n m* V n* ^ m! V ^ 

c h a c ha 

where it will be seen that the equality of any two members 
implies that the third is equal to either of them. 

Multiplying the numerators and denominators of the 
several members of (3) by T, W, n' and adding, we obtain 
the condition under the form 

{mn'-mn) a + (nV'-nl)h + {lm'-Vm) c = (4). 

This is the necessary condition of parallelism, and isi 
generalljr the most convenient form whicn can be employed. 
It is equivalent to 

{mn' — m'n) sin A + {nV — n'l) &mB+ {Im' — Im) sin 0= 0, 

a form which we shall occasionally use. 

It will be observed that this condition is the same in 
form as that which results from the elimination of a, /3, y be- 
tween the equations 
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b + m^ + inr-O, 

aa + J/S + ^ = 0. 

The last of these is, as we know, an equation which can- 
not be satisfied by any valoes of a, /3, 7, since, as we have 
abeadj proved (Art. 2), oa + ft/3 + oy = 2A. Hence the eqiia- 
tion (4) may be looked npon as an expression of the &ct that 
two eqoations 

Zat + m/S + 117 = 0, 

ra+i»'i8 + 117 = 0, 

cannot be simnltaneonslj satisfied by any yalnes of a, /3, 7, 
or, in other words, that the two straight lines represented by 
them do not intersect, which is known to be a necessary con- 
dition of their parallelism, and also a sufficient condition, 
since the two straight lines are in the same plane. 

Although, however, no values of o, /8, 7 exist which will 
satisfy the equation aa+h/3+cy = 0, yet we can always satisfy 
the equation la + fnfi + ny = 0, where the ratios f : m : n 
approach as nearly as we please to the ratios a : b : c. 

By referring to the investigation of Art. (7) it will be 
seen that, j, r, denoting the distances firom A, of the points 
in which the straight line (Z, m, n) cuts AG, AB respectively, 



whence 



or 

It hence appears, that by making the ratios I: m : n suf- 
ficiently nearly equal to the ratios a:h : c, the values of q 
and r may be msuie as great as we please, in other words, 
that the straight line (Z, 99^ n) may be removed as far as we 
please from the triangle of reference* Hie liTn/iting position^ 



f- 


^f 


-2 = 


= m, 
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therefore, to which tike straight line (1, m, n) continually oj 
proaches, and with which it ultimately coincides^ when t., 
ratios 1 : m : n continually approach to, and ultimately 
coincide with, the ratios a, : d : c, is a straight line altogether 
at an infinite distance. 

This is often expressed by saying that the equation 

aa + b/3 + cy = 0^ 

or the equivalent equation 

asin-4 + )8sin5+7sin (7=0, 

represents the straight line at infinity. 

This phraseology is very convenient, and free from objec- 
tion, if the conventions on which it is adopted be clearly un- 
derstood. It is, however, desirable that attention should be 
called to the fact, that the equation 

aa + b^ + cy = 

is, in itself, impossible, — in fact, a contradiction in terms, — 
and can only be admitted as a limiting form to which possi- 
ble equations may continually tend. 

15. To find the equation of a straight line, drawn through 
a given point, parallel to a given straight line. 

Let {I, m, n) be the given straight line, (/, g, h) the given 
point, then the equation of the required straight line will be 

la + m^ + ny _ aa + b/3+cy 
If+mg+nh" af+bg + (Ji' 

For this straight line passes through the point (/, g, h), and 
does not intersect the straight line {I, m, n) ; since, if it did, 
we should have aa + bfi + crf = 0. 

Since af+bg + ch = 2 A, this equation may also be written 
F. 2 
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Cob. The general equation of a straight line parallel to 
(?, m, n) is 

where k is an arbitrary constant. 

16. To find the tncUnattons of a straigJit Une^ dravm 
through one of the angular points of the triangle of reference^ 
to the aides which intersect in that point. 

Let the equation of the straight line AP be 
Fig. 8. 




and let 6 be its inclination to -42?, the internal bisector of the 
angle A. 



Then 



sin 



sm 



whence 



tan^ JL6 — y 

. A^ fi-^-v* 
tan- 
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tan (e + 


t- 


(l+^:'')tar 


A 

'2 


l-'^-^.tan" 


:2 
2 






fismA 








v+ficoaA' 




tan (6 


l_£ 


\_ psin/i 





' cos -4 * 

Hence, the inclinations of the given straight line to AB, ACy 
are determined. 

17. To find the condition that two given straight lines may 
he perpendicular to one another. 

Let (?, m, n)y {T; m\ n) be the two given straight lines. 
Through A draw two straight lines parallel to them. These 
will be represented by the equations 

{ma — /8) j8 + (wa — fc) 7 = 0, 
(w'a - Vh) fi + {na- Vc) 7= 0. 
And these straight lines must be perpendicular to each other* 

If 6, ff be the respective inclinations of these straight lines 
to the internal bisector of the angle -4, then, by the result of 
the last article, 

A (lc—na)'^(ma'-lb) ^ A 

tan^ = )y rvT nk ^^ 7r> 

\lc — na) + (ma— lb) 2 

[Ic — na) + {ma-'lo) 2 

And, if these be at right angles to one another, 

H-tan^tan^' = 0, 
Hence 

{Ic — na) {Tc — n'a) + {ma — lb) {m!a — Vb) 

+ {(fc — wa) {m'a— tb) + {ma --lb) (fc — n'a)} cos -4 = 0; 

2—2 
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.-. IV (6* + (?- ibc cos -4) + wmV + nnc? 
— [mn* + m'n) o? cos A — {nl + »'?) {ac — ai cos -4) 
— (Jm + ZW) (aJ — ac cos -4) = 0, 

which, since t* + c* — 2&c cos J. = a', c — 5 cos -4 = a cos JB, 
ft — c cos -4 = a cos (7, reduces to 

H'4-wwi'+ W— (wn'+w n) cos-4— (nZ'+w'Z) cos.B- {Jm-\-Tm) cos CM), 

the required condition. 

18. To find the perpendicular distance from a given jpoird 
to a given straight line. 

Let f^ gy h) be the given point, (Z, w, n) the given straight 
line. Then, if q and r be the distance from -4, of the points 
where this straight line meets A C, AB, respectively, we have 
shewn (Art. 7) that 

1 _ 1 wa 

q'"b''Wc' 
1 __ 1 ma 

r'^ c Ibc* 

Now, let a denote the distance from (/, g^ h) to (Z, m^ n). 
Then 

(2" + r^- 2gr cosu4)*a' + ggr + rA = ^ (a/+&y + cA), 



or 



n 1 2 cos ^ \^ ;_ q/'+5.^+cA g^ h 

And from the values of q and r 

1 cos -4 1 cos -4 , ..a 
=- (n — w»cos-4) 77- 

2 r 6 c ^ ' Z6c 

_ a(Zcos.g+mcos.i4— n) 
Ibc 
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«. -, , 1 COS A a (Icos G-hn co&A^rt^ ^ 
^ r q "^ Ibo * 

1.1 2 cos A ( a ,-, x,7 n, J X 

••• ^ + jj — — = jjij5^(fc-na)(Zcos5+mcos^-.n) 

+ (S — wia) (Zcos C+nooBA'-mn 

= pjT-2{P{oo&B+lcoa C) + m^a + n^a — 2mnacoBA 

— wZ(c + acos5— 5cos-4) — Zm (5— c cos -4 + a cos (7)}, 
which, by reduction, is equal to 

^(P+w'+w*— 2wr^os-4— 2w?acos5— 2foiacos(7). 



P6V 
Hence 



(? + m" + w^ — 2mn cos -4 — 2wZ cos 5— 2 Zm cos (7)* ' 
the required expression. 

It will be observed, that the numerator of this expression 
vanishes if the point {f, g, h) lie upon the line (Z, m,n), as 
manifestly ought to be the case. 

It will also be remarked, that the more nearly the ratios 
I : m : n approach to the ratios a : J : c, the less does the 
denominator of the above fraction become, and the greater, 
therefore, the distance from the point to the line; which is 
in accordance with the remark made in Art. (14). 



EXAMPUBS. 

1. Find the equation of the straight line joining the middle 
points of two sides of the triangle of reference; and thence prove 
that it is parallel to the third side. 
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2. Find the equations of the straight lines, drawn through the 
several angular points of the triangle of reference, respectively at 
right angles to 

f + V = 0, 3: + ^=0. ^ + ? = 0; 
c a ^ a ' 

and thence prove that they intersect in a point. 

3. If be the angle between the two straight lines (l^ m^ n) 
(X, /A, f), prove that 

^ _ ^X + mil -\-nv-'{mv + nft) cosii - {n\-\-lv) cos B—{l^-{-m\) cos (7 
"" {mv - rifji) sin -4 + {n\ - ^v) sin -5 + (Ifi — m\) sin G 

4. On the sides of the triangle ABC, as bases, are constructed 
three triangles A'BGy AB'Gy ABG, similar to each other, and so 
placed that the angle BAV = B'AG = BAG, GFA=G'BA = CAF, 
AGB = AVB = AGB'. Prove that the straight lines AA\ BBT, GG 
intersect in one point. 

5. Prove that the straight line, joining the centre of the 
circle inscribed in the triangle ABG, with the middle point of the 
side BG, is parallel to the straight line joining A with the point of 
contact of the circle touching BG externally and AB, AG pixxiuced. 

6. On the sides BG, GA, AB of the triangle ABG, respectively, 
pairs of points are taken, B^, G ; G^, A^; A , B^; such that the 
points of intersection of BG with BjO^, of GA with G^A^, and of 
AB with A^B lie in a straight line; BG^, GB^ intersect in Z; 
(7^3, AG^mM; AB^, BA^ in iV; Prove that AL, BM, GN inter- 
sect in one point. 

7. From the vertices of a triangle ABG, three straight lines 
AP, BQy GR are drawn to pass through one point, and three 
straight lines AP\ BQ\ GBf to pass through another point, the 
points P, F lying on BG, Q, Qf on GA, R, Rf on AB; BQ, OR 
meet AF in B^, B^; GR, AP meet BQ" in JS^, JE^; AP, BQ meet 
GR^ in F, F; GD^, BB^ intersect in L\ AE^, GE^ in Jf; BF^^ 
AF^ in iv. Prove that AL, BMy GN intersect in a point. 
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Anhaemonic Eatio, 



19. We shall introduce, in this place, a short account of 
harmonic and anharmonic section, as a familiarily with this 
conception is useful in the higher geometrical investiga- 
tions. 

Def. 1. If OP, OQ, OR, OS be four straight lines in- 
tersecting in a point, the ratio 

mi POQ.smROS 
amFOS.smQOE 

is called the anharmonic ratio of the pencil OP, OQ, OB, 
OSy and is expressed by the notation {0 . FQB8}*. 

Def. 2. If P, Q, Bf S be four points in a straight line, 
the ratio pq\)n is called the anharmonic ratio of the range 
P, Q, B, S, and may be expressed thus [PQBS]. 

In using these definitions, attention must be paid to the order 
in which the lines or points follow one another. Thus, the an- 
harmonic ratio of the pencil OF, OR, OQ, OS, is different from 
that of the pencil OF, OQ, OR, OS, the former being equal to 
^FOR.smQOS . , , . . . sin FOQ. Bin ROS 
^FOS.smQOR' ^^^^^""^ miFOS.BmQOR' 

Def. 3. If any number of straight lines, intersecting in 
a point, be cut by another straight line, the straight line 
which cuts the others is called a transversal. 

20. Peop. If four given straight lines, intersecting in a 
point O, he cut hy a transversal in the points P, Q, R, S, the 
anharmonic ratio of the pencil OP, OQ, OR, OS, will he equal 
to that of the range P, Q, R, S. 

* This notation is due, I believe, to Dr. Salmon. See his Conic SecHom, 
p. 373 (third edition). 
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For 



And 



Bin POQ ^ BinPOQ sin OPS 
sin P08 ~ sin OPQ ' sin P08 

_PQ 08 
~77Q'P8' 

BV1BO 8 ^ avaBOS sin OBQ 
Bin QOB ~ sin 0B8' sin QOB 



_B8 OQ 
~ 08' QB' 

6mP0Q.BmB08 _ PQ.B8 
;.*• amBOS. sin QOB ~ P8. QB ' 

Thus the proposition is proved. 

Cob. 1. It appears, from the above proposition, that if a 
pencil be cut bj two distinct transversals in P, Q, B, 8 and 
P', Q, E, 8' respectively, the anharmonic ratio of the range 
P, ^, ^, iSf will be equal to that of the range F, Q, R, S', 
since each is equal to that of the pencil OP, OQ, OB, OS. 

CoE. 2. It appears also that, if four points P, Q, B, 8, 
lying in a straight line, be joined with each of two other 
points 0, 0', the anharmonic ratios of the pencils OP, OQ, 



\ 
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ORy OS; O'Py O'Q, O'R, OS, will be equal to one another, 
since each is equal to that of the range P, Q, jS, 8. 

21. Def. a pencil, of which the anharmonic ratio is 
unity, is called an harmonic pencil. 

A range, of which the anharmonic ratio is unity, is called 
an harmonic range, and the straight line, on which the range 
lies, is said to be divided harmonically. 

From what has been said above, it will be seen that, if an 
harmonic pencil be cut by a transversal, the four points of 
section will form an harmonic range. And if four points, 
forming an harmonic range, be joined with a fifth point, the 
four joining lines will form an harmonic pencil. 

The line 08 is said to be a fourth harmonic to the pencil 
OP, OQy OR) and the point >8^ to be a fourth harmonic to 
the range P, Qy R. 

The term harmonic is employed on account of the cir- 
cumstance, that if the points P^ Qy J2, 8 form what is above 
defined as an harmonic range, PR will be an harmonic mean 
between PQ and P8. 

For PQ.R8=-P8.QR; 

.'. PQ [PS- PR) ^ P8{PR-- PQ)] 

.-. PQ : P8 :: PR-^PQ : PS-^PR, 

whence PQ, PR, P8 are in harmonical progression. 

From the above proportion it appears that if PQ = QR, 
P8= oo . Hence, if PR be bisected in Q, the fourth har- 
monic to the range P, Q, R is infinitely distant. Or, as it 
may otherwise be stated, if PR be bisected in Q, and P, 
Q, jB be joined with any point 0, not in the line PR, the 
fourth harmonic to the pencil OP, OQ, OR, will be parallel 
to the transversal PQR. 

22. Pbop. The external and internal bisectors of any 
angle firm, with the lines containing the angle, an harmonic 
penciC 



26 



MODEBN GEOMETfiY. 
Fig. 10. 




Let the angle FOR be bisected internally by OQ, let 
PO be produced to any point P', and let the angle POR be 
bisected by 08^ then 

BinPO^ = sin^O^, 

miPOS^miFOS 

= BmR08; 

Bin POQ. sin R08 
'*• BinPOS.BmQOR'' ' 

Hence the truth of the proposition. 



23. Peop. ^ ABC be the triangle of reference^ and 
AD, AE straight tinea respectively representeci hy the equations 



/3-fcy = 0, i8 + A:7 = 0, 



y 



then -T y>ill ie the anharmonic ratio of the pencil AB, CA, 
AD,AE. 
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Let BG cut AD^ AE respectively in Z?, E^ then since D 
is a point in the line ^ — A7 = 0, 



BD AABD 



_ cy _ c 



CD AAOI>''bfi''bk' 
and since ^is a point in the line fi + Jcy=Oy 
BE A ABE _ cy c 
CE^AAOE''--bfi''bk'' 

BD.CE h' 

•• BE.CD^k' 

• k' . 

or 7^ is the anharmonic ratio of the range J5, (7, -D, E\ that 

is, of the pencil AB^ AG^ AD^ AE. 

Cob. It hence follows that the straight lines respectively 
represented by the equations ^ = 0, ^—ky=0, 7 = 0, p+ ky^O, 
form an harmonic pencil. 

24. Hence we deduce a geometrical construction for the 
determination of the fourth harmonic to three given inter- 
secting straight lines. 

Let AB, AD, AG he three given intersecting straight 
lines, and let it be required to find a straight line AE, 
such that AB^ AD, AG, AE shall form an harmonic pencil. 
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Through D, any point of the second of the three given 
straight lines, draw two transversals BDC^ BDG\ cutting 
AB in B, B, AG in C, G[ respectively. Join BG, BC\ 
and produce them to meet in E. Join AE^ then AE shall 
be the fourth harmonic required. 

For, let ABG be the triangle of reference, and let the 
equation of AD be j8 — ^7 = 0. Let the equation of BG' be 
^ + iS - A7 = 0. 

Then that of BC is \a-fcy = 0, 

jB'(7...\a + /S =0, 

/ AE ... )9 + &y = 0, 

whence AE is the fourth harmonic required. 

25. Prop. If ABC he a given triangle^ P any given 
point ; and AD, the fourth harmonic to AB, AP, AC inter-- 
sect BC in J) ; BE, the fourth harmonic to BC, BP, BA 
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intersect CA in E; CF, thefimrth harmonic to CA, CP, CB, 
intersect AB in F ; then D, E, F lie in the same straight line. 

Let ^ 5^, A be the co-ordinates of P. Then the equation 
of ^Pis 

Fig. 13* 




whence that of AD is 






Similarly, that of 5^ is | + ^= 0, 

(7^...« + ^ = 0. 

/ 5' 
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From the fonn of these equations it will be seen that 
the straight line 

passes through J9, E, F, Hence these three points are in a 
straight line. 

Cob. The converse proposition to that above enunciated 
may be demonstrated by similar reasoning. 

The point P, and the line DEF, may be called harmonics 
of one another with respect to the triangle ABC. 

By combining the proposition last proved with that 
proved in Art. (22), we shall obtain a demonstration of 
the statements made in Art. 6 ; that the points in whicb the 
external bisectors of each angle of a triangle respectively 
intersect the sides opposite to them, lie in the same straight 
line ; and that the points in which the external bisector of 
any one angle and the internal bisectors of the other two 
angles, intersect the sides respectively opposite to them, lie in 
the same straight line. 

These straight lines will be respectively represented by 
the equations, 

a + /S + 7 = 0, /8 + 7-a = 0, 

7 + a-/3 = 0, a + /8-7 = 0. 



On Involution. 

26. Defs. Let be a point in a given straight line, 
and let 

P, P, Q, Q, B, S 

be a series of points on that line so taken that 

OP.OF^OQ.Og^OR.OR^ 

= a constant U suppose. 
Then these points are said to form a system in involution. 
If ^ be a point such that OK* = A", jK" is called a focus 
of the system. 
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If >fc* "be positive, there will evidently be two such foci, 
one on each side of 0, if negative (and h therefore imagi- 
nary) there will be no real foci. 

The point is called the centre of the system. 

Two points, such as P, P', are said to be conjtigate to one 
another. 

It is evident that each focus is conjugate to itself, and 
that the conjugate of the centre is at an infinite distance, 
and that a point and its conjugate will be on the same, or 
diflferent sides of the centre, according as the foci are real or 
imaginary. 

The system will be determined when two foci, or a centre 
and focus, are given. It will also be determined if two pair 
of conjugate points be given ; as may be seen as follows. 

Let j>, jp', J, a' be the respective distances of the four 
points from any arbitrary point on the line, x the distance of 
the centre from the same point. 

Then, by definition, 

{p-x){p'-x) = {q-x){q-~x); 

s+i-p-p 

which detennines the centre. 

27. Prop. The anharmontc ratio ofjbur points ia equal 
to that of their four conjugates. 

For, if OP^p, OQ=q, OB = r, 08=8, 

then[P(gJZ^ = ig-^)(^-"j , 
{a-p){r-q)' 

_ (p-q)(r-s) 
(p-a){q-r) 
= [PQBS], 
which proves the proposition. 
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Cor. It is evident that [PQBF] = [P' Q'B'P]. 

28. Prop. ^ Any two conjugate points Jbrm, with the two 
foci, an harmonic range. 

Let K^K^ be the foci, then 

then ^.P.^,F=(p-A:)(| + Z:)=|(p»«^«), 
and K,P.K^^{^c-^{h•^•p)^^{f^^^), 

or the four points in question form a harmonic range. 

Conversely, if there be a system of pairs of points in a 
straight line, such that each pair forms, with two given points, 
an harmonic range, the aggregate of the pairs of points will 
form a system in involution, of which the two given points 
are the foci. 

29. A system of straight lines, intersecting in a point, 
may be treated in the same manner as a system of points 
lying in a straight line, the sine of the angle between any 
two lines taking the place of the mutual distance of two 
points. It is not difficult to see that, if a system of straight 
lines in involution be cut by a transversal, the points of sec- 
tion will also be in involution. 
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CHAPTER IL 

SPECIAL JiORMS OP THE EQUATION OP THE SECOND DEGREE. 

1. We now proceed to the discussion of the curve repre- 
sented hy the equation of the second degree. We shall first 
prove that every curve, represented by such an equation, is 
what is commonly called a conic section; and then, before 
proceeding further with the consideration of the general equa- 
tion, shall investigate the nature of the curve corresponding 
to certain special forms of the equation. 

Prop. Every curve represented hy an equation of the second 
degree is cut hy a straight line in two points^ realy coinci- 
dent, or imaginary. 

The general equation of the second degree is represented 
by 

To find where the curve, of which this is the equation, is cut 
by the straight line 

loL + m^ + W7 = 0, 

we may eliminate a between the two equations. This will 

give us a quadratic for the determination of - , to each of the 

two values of this ratio, real, equal, or imaginary, one value 
of a will correspond ; whence it appears that the straight line 
and the curve cut one another m two real, coincident, or 
maginary points. 

Hence, the curve is of the same nature as that represented 
by the equation of the second degree in Cartesian co-ordinates, 
and is, therefore, a conic section. 



\ 
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2. We shall now inquire what are the relations of the 
conic section to the triangle of reference, when certain rela- 
tions exist among the coefficients of the equation. 

First, suppose m, v, w^ all = 0. / 

The equation then assumes the form 

tt'/87 + v 7a + w'ap = 0, 
which we shall write 

X/87 + /Ltya + va/S = 0. 

Now, if in this equation we put a = 0, it reduces itself to 

X^7 = 0, 

which requires either that /8 = 0, or that 7 = 0. 

It hence appears that the curve passes through two of the 
angular points (5, G) of the triangle of reference. It may [ 
similarly be shewn to pass through the third. Hence the 
equation 1 

or, as it may also be written, 1 

a /3 7 ' 
represents a conic, described about the triangle of reference. 

3. Let us now inquire how the line 

is related to this conic. 

K in the equation of the conic we put — f--^ = o, or, 

which is the same thing, fiy + vfi = 0, it reduces to \^7 = 0. 

By 
Hence the line — + - = meets the conic in the points in 
fjk p ^ 

which it meets the lines /8 = 0, 7 = 0; but these two points 

coincide, since the line in question evidently passes through 

the point of intersection of )8 = and 7 = 0. Hence the 

straight line and the conic meet one another in coincident 

points, that is, they touch one another at the point A. 
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Similarly, the equations of the tangents at B and G are 

V A 



4. To determine the position of the centre of the conic. 

Through the angular points -4,5, G of the triangle of re- 
ference draw the tangents EAF, FBD^ DGE. Bisect 

Fig. 14. 




AG J AB respectively in H^ J, join JEff, FI^ and produce 
them to intersect in 0* Then, since every straignt line 
drawn through the intersection of two tangents so as to bisect 
their chord of contact passes also through the centre, will 
be the centre of the conic. 

3—2 
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Now, at the point E^ we have 

and at the point S 

/9 = 0, 07 = aa. 

Hence the equation of EH is 






fAj ha \A /Lt/ 

Similarly that of ^/is 

Xa Vx /A/ /ii \/A I'/ 
Hence, at the point 0, 

Xa V/i I// /ii \i' X/ vc \X /Lt/ ' 
a /8 7 

X tL V 

— Xa + zii + i'C Xa — yLtJ + i^c Xa + )LtJ — vc' 
These equations determine the position of the centre. 

Cor. We may hence deduce the relation which must 
hold between X, /it, v, in order that the conic may be a para- 
bola. For, since the centre of a parabola is at an infinite 
distance, its co-ordinates will satisfy the equation 

We hence obtain the following equation : 

X*a' + fi^V + j/'c* - 2iiv ho - 2v\m - 2X/x ab = 0, 



\ 
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which is equivalent to 

±(My±{/J>y±{vcy=o, 

as the necessary and sufficient condition that the conic should 
be a parabola. 

5. To determine the condition that a given straight line 
may touch the conic* 

If the conic be touched by the straight line (Z, m, n), the 
two values of the ratio jS : 7, obtained by eliminating a 
between the equations 

X^7 + /*7a + i/ot/8 = 0, 

la + m/3+ W7 =0, 

must be coincident. The equation which determines these is 

^\l^y+{fJi^ + vfi){mfi + nr/)^0, 

and the condition that the two values of ^ : 7 be equal, is 

4tfin.vm^ (jjLm + vn-'\T)^=iO, 

or V? + ftW + i^n^ — 2/Ai' . mn — 2i/\ . nl — 2X/a . ?m = 0, 

which is equivalent to 

±(\Z)»+(/tw)»+(vn)» = 0. 

K this be compared with the condition investigated in 
Art. (4) that the conic may be a parabola, it will be observed 
that the parabola satisfies the analytical condition of touching 
the straight line aa + hfi + cy = 0. This is generallv ex- 
pressed by saying that every j>arahola touches the line at 
infinity. 

6. To investigate the equation of the circle^ drcwmscrxbing 
the triangle of reference. 

This may be deduced from the consideration that the 
co-ordinates of the centre of the circumscribing circle are 
respectively proportional to cos -4, cos£, cos C (see p. 4). Or 
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it may be independently investigated as follows. Draw EAF^ 
FAD^ DAE (fig. 2), tangents to the circle, then the angle 
BAG is equal to ABC, and FAB to ACB (Euc. in. 32). 
Hence the equation of the tangent ^^i^^must be 



^ 



miB sin 



-0, 



Fig. 15. 




are 



Similarly the equations of the other tangents FBD^ DOE 
c a 
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and, comparing these with the forms of equations of the 
tangents given in Art. (3), we see that the equation of the 
circumscribing circle is 

or, as it may also be written, 

sin A sin B sin G 



= 0. 



7. Having thus discussed the equation of the conic, cir- 
cumscribing the triangle of reference, we may proceed to in- 
vestigate that of the conic which touches its three sides. The 
condition that the conic 

wa' + tJyS" + tCT* + 2w' /87 + 2i/7a + 2«?'a/8 = 0, 

may touch the line a = is, that the left-hand member of the 
equation obtained by writing a = in the above may be a 
perfect square. This requires that 



or i^' = + i^w)^. 

Similarly, t?' = ± (i;i^)^ 

w' =^± (w-y)*, 

are necessary conditions that the conic should touch the lines 
/8 = 0,7 = 0. 

We must observe, however, that if the conic touch all 
three of the sides of the triangle of reference, the three double 
signs in the above equations must be taken aU negatively^ or 
two positively and one negatively. For, if they be taken 
otherwise, the left-hand member of the equation of the conic 
will become a perfect square, as may be ascertained by sub- 
stitution, and the conic will degenerate into a straight line, 
or rather into two coincident straight lines. 
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Taking then the double signs all negatively, and writing 
for convenience, U^ if", IP^ instead of w, v, w, the equation 
of the conic which touches the three sides of the triangle of 
reference becomes 

L'o?-\'APl? + 2Pr/^2MNfiy''2NLya-2LMafi=^0, 

which is equivalent to 

±(ia)*±(if/3)i±(JV7)* = 0. 

It may be remarked, that the condition that the point 
(Z, m, n) should lie in the above conic, is the same as the con- 
dition that the straight line (Z, w, n) should touch the cir- 
cumscribing conic 

L/3y + Mya + Nafi = 0. 
See Art. 5. This we shall return to hereafter. 

8. To find the centre of the conic. 

Let D, E, F be the points of contact of the sides BG, 
CA, AB respectively. Join EF, FD, BE, bisect FB, BE in 
Sj /, join BH, CI, and produce them to meet in 0. Then 
will be the centre of the conic (see p. 32). We have 
then to find the equations of BH^ GIj wnich, by their in- 
tersection, determine 0. 

Fig. i6. 
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Let^, ff^y h^he the co-ordinates of D. Then^ = ; and 
ff^, Aj will "be the values of /8, 7, which satisfy the equations 

ir/3" + iV^V-2il£ZVJ37 = 0, 

or Mfi-Ny^O, 

and i/9 + 07 = 2A. 

In like manner it may be proved that, if ^, 5^j, A^ be the 
co-ordinates of E, 

1 

a c 

Now, for 1, and therefore for every point in the line CI, 
Therefore the equation of 01 'n 

o _ /9 
Nh + Me~Lc + Na' 

Similarly that of BH is 

7 _ « 



or 



Ma+U'm + Mo' 



42 MODEBN GEOMETRY. 

Therefore at the point we have 

y3 _ 7 



Nh+Mo" Lc-vNa Ma + W 
These equations wit h 

aa + J/8 + C7 = 2 A 
determine the co-ordinates of the centre. 

Cor. Hence may be obtained the condition that the 
conic may be a parabola. For the centre of a parabola is in- 
finitely distant, its co-ordinates must therefore Satisfy the alge- 
braical relation 

whence we get 

Lhc + Mca + Nah = 0, 

L 3f N ^ 

^^ ;7 + T + -7 = ^' 

a c 

as the required condition. 

This will be observed by reference to Art. 9, to be iden- 
tical with the condition that the conic should touch the 
straight line, aa + b^ + cr/ = 0, and thus we are again led 
to the conclusion noticed in Art, 7, that every parabola 
touches the line at infinity. 

9. To find the condition that the conic should touch a given 
straight line. 

If the straight line (Z, m, w) be a tangent to the conic, the 
values of the ratio /8 : 7, obtained by eliminating a between 
the equation of the conic and the equation 



fa + wi3 -1-/17 = 0, 

le another. For ti 
;he equation of the 

±(ia)*±(Jlf/8)4±(^7)* = 0. 



must be equal to one another. For this purpose, it is most 
convenient to take the equation of the conic in the form 
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Eliminating a, we then get 

i (9n/8 + n7) + Z {(Jlf/S)* ± {Ny)^}' = 0, 
or {Lm + MT)fi + {Ln + Nl)y±2l{MN^)i = 0, 

and, if the roots of this, considered as a quadratic in (-) 
be equal, we have 

{Lm + Mr){Ln + 2n)-'PMN=^0, 
or Lmn + Mnl+Nlm=iOy 

which may also Tbe written 

I m n 

It hence appears that the condition, that the line (Z, m, n) 
should touch the conic 

(Xa)4±(Jf/8)4+(^7)*=0, 

is identical with the condition that the point (Z, m, n) 
should lie in the conic 

a ^ 7 
a result analogous to that obtained in Art. 13, chap. i. 

10. To find the equations of the four circles which touch 
the three sides of the triangle of reference. 

These may be obtained most readily bv the employment 
of the equations for the determination of the centre, obtained 
in Art. 8. Thus, let it be required to find the ratios 
of i, Jf, N in order that the conic may become the tw- 
scribed circle. At the centre of this circle we have, as we 
know, a = ^=7. 
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This gives, by the result of Art. 8, 

Nb + Mc = Lc + Na = Ma-^- Lh. 

To solve these equations, put each member equal to r, 
we then get 

b^ c^bc' 

— -|- — — •— 
c a ca 

a b '^ ah* 

Adding together the last two of these equations, and sub- 
tracting the first, we get 

J. _r (& + c -- g) 

Similar expressions being obtained for M and N, we 
see that 

T nr -kT b + c — a c + a — ft a-^-b — c 

L : M\ Nil 7 : : 1 — 

DC ca ao 

^A ^B ,(7 
:: cos"— : cos' — : cos — . 
A z Ji 

Hence the inscribed circle is represented by the equation 

ABC 

cos — . a* + cos -■ . /84 + cos — . 7* = 0, 

iB 2 iB 

It may similarly be proved that the escribed circles, of 
which the centres are respectively given by 

will be represented by the equations 

cos y(-a)i + sin-.i84 + sin -.74 = 0, 
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A B C 

8111 y «* + cos— (-^)4+ sin- .7* = 0, 

sin •—• a4 + sin --• /84 + cos— (- 7)* = 0- 

We mBj remark that, at every point in the circle which 
touclies Bu externally, a is essentially negative, so that the 
form (— a)* represents a real quantity. Similarly the appear- 
ance of (— /8)*, (—7)* in the equations of the other two 
escribed circles may be accounted for. 

11. The next form of the general equation of the second 
degree which we propose to consider is that in which u% v\ w\ 
the respective coefficients of 2/87, 27a, 2a)8, are all = 0. The 
equation then assumes the form 

We observe in the first place, that if this equation represent a 
real conic, the coefficients of a*, )8*, 7*, cannot be all of the 
same sign. Suppose the coefficient of a* to be of a diflferent 
sign from the other two, then writing, for convenience of 
future investigations, i', — ikP, —N^ for w, v, w respec- 
tively, our equation assumes the form 

iV-ilf»)8'-JV'7' = 0. 

12. We have now to enquire how this conic is related to 
the triangle of reference. 

Putting /8 = 0, we get 

ia = ±iV7. 

The interpretation of this equation is, that the two 
straight lines drawn from B to the points in which the conic 
is cut by (7-4, form, with BG^ BA^ an harmonic pencil. 

It may similarly be proved that the two straight lines 
drawn from G to the points in which the conic is cut by AB^ 
form, with C-4, CS, an harmonic pencil. 
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If we put a = 0, we get 

JW53 = ±V(-1)JV7, 

shewing that BC cuts the conic in two imaginary points. 
The analytical condition of harmonic section is, nowever, 
satisfied here also. 

13. We may next investigate the equations of the tan- 
gents drawn through the points A^ B, G. 

If in the equation of the conic we put La = Ny^ we get 
)8 = 0, shewing that the straight line La — ^7 = meets the 
conic in two coincident points, and, therefore, touches it. 

Similarly 

La + Ny^O, La-M^ = 0, ia + if/S = 0, 

are tangents to the conic. 

The tangents to the conic drawn through A would be 
analytically represented by the equations 

which shew that these tangents are imaginary^ or that the 
point A lies within the concavity of the conic. 

14. Since the two tangents drawn through B meet the conic 
in points situated in the line GA, it follows that GA is the 
chord of contact of tangents to the conic drawn through 5, 
or that GA is the polar of J?, and B the poU of GA with 
respect to the conic. Similarly, (7, AB^ stand to one another 
in the relation of pole and polar. 

Again, since the pole of AB is the point (7, and the pole 
of -4(7 is the point B, it follows that the line joining B and 
G is the polar of the point of intersection of J.J9, A (7, i. e. 
that A is the pole of -B(7, and BG the polar of A. 

We come then to this conclusion, that when an equation 
of the second degree does not involve the terms ^87, 7a, a^, 
the conic represented by it is so related to the triangle of 



CONDITION OP TANGENCY. 47 

reference, that ecLch side of the triangle is the polar^ vyith 
respect to the conic, of the opposite angular point^. 

This is expressed by saying that the triangle is selfcan^ 
jugate with respect to the conic ; or that the three angular 
points of the triangle form a conjugate triad. 

The geometrical properties of the conic having been thus 
established, we shall, in future investigations, write for the 
sake of symmetry of form, —1} instead of U, so that the 
equation of the conic will be written 

iV + Jir)8' + JV'y=0. 

It must here be borne in mind that one of the three quan-» 
titles Lj Mj N\& essentially imaginary, 

15. Any two conic sections represented by such equa- 
tions as 

have important relations to one another, which we proceed to 
consider. 

They will of course intersect in four points, which may 
be real or imaginary. We will first suppose them real, and 
represent them by flie letters P, Q, JJ, 8. 

Now the locus of the equation 

passes through all the points P, C -B, 8\ and, since it may 
be resolved into linear factors, represents two straight Knes. 
Suppose them to be PQ and RS. The intersection of these 
two straight lines is given by the equations 

* If ihe ooefficieniB of /S* and 7^ be equals and the triangle of reference be 
right-angled at Ay the form of the equation shews that A will be a focus of the 
conic, and BO the corresponding directrix. 
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which evidently give iS = 0, 7 = 0. 
Hence PC 5fi^ intersect in A. 

Similarly, PB, (^/S' intersect in P, and P/Si QR intersect 
in C, Hence, the angular points of the triangle of reference 
coincide with the intersections of the line joining each pair 
of points of intersection of * the conies with the line join- 
ing the other pair. Hence also, if any number of conic 
sections be described about the same quadrangle*, and the 
diagonals of that quadrangle intersect in A^ while the sides 
produced intersect in B and (7, then -4, P, (7 form, with 
respect to each of the circumscribing conies, a conjugate 
triad. The points A^ P, G may themselves be called vertices 
of the quadrangle, or of the system of circumscribing conies. 

It will be seen, from the preceding investigation, that any 
two conies which intersect in four real points can be reduced, 
by a proper choice of the triangle of reference, to the form 

The same reduction may also be effected in every case 
with the reservation that if two of the points of intersection 
of the conies be real and two imaginary, then two of the 
angular points of the triangle of reference (or vertices) wiU 
be imaginary and the remaining one real. If all the points 
of intersection be imaginary, the vertices of the conies will be 
all real. This we shall prove hereafter. 

16. To find the condition that a given straight line may 
totich the conic. 

Let the equation of the straight line be 
la + mfi + W7 = 0. 

* I employ the term quadrangle in preference to guadrilateraZ, considering 
a quadrangle as a figure primarily determined by four jpwniU, a quadriUOeral by 
four indefinite stra^kt lines. 
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Where this meets the conic, we have 

V (jMiS + n7)» + P {W^^ iVV) =0, 
and, making the two values of /8 : 7 equal, we get 

(i W + WTT) {L\* + IPV) = X Wn», 
whence ifW? + N*L*m* + L*M*7f = 0, 

P - m' n* ^ 

the required condition. 

17. 2b ^wrf the condition that the come may he a pcera^ 
tola. 

Since every parabola satisfies the analytical condition ot 
touching the hne 

aa + &)8 + C7 = 0, 
the required condition becomes 

18. To find the co-tyrdinates of the centre. 

Let JSg, jBj be the joints in which the conic is cut by CA^ 
then, if 5g, J5j be bisected in §, the line BQ will pass 
through the centre. 

Now, let ^, 0, A3 be the co-ordinates of ^Bj, 

/i,0,A, 5,. 

Then those of Q are 

and the equation of BQ will be 

7 ^ « 

Aa + Ax /a+// 
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' Now ^, X are the Talaes of a ffyea bj the equations 

-0, 

which, eliminating fi, y, are eqaivalent to 

, . , 2A.^a 

whence 7.+/i = ^v + j^^.- 

Similarly *»"*'*«"i^Vqr^- 

HeQce the equation of £Q is 

• X ?_ 

i.*c Wo' 

N'y_IM 



or 



This gives one straight line on which the centre lies. It 
maj be similarly proyed to He on the straight line 

a b 

Therefore the co-ordinates of the centre are given by the 
equations 

a b c * 

Combining therewith 

aa + Jy8 + C7 = 2 A, 
we get for the co-ordinates of the centre 

a b c 

L'^M}^iP T'^W'^N* r'^AP'^N' 
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"Each, of these becomes infinite when the conic is a para- 
bola, as manifestly ought to be the case* 

19. To find the equation of the circle with respect to 
which the triangle of reference is aelf-^ionjugaiie. 

It is a distinguishing property of the circle that the line 
joining the centre with any other point is perpendicular to the 
polar of that point. Hence the line 

which joins the centre with the point -4, must be perpendicu- 
lar to a = 0. This gives (see Art. 5, p. 8) 

JcosJ9""ccos G* 

Similarly, since the lines joining the centre with J?, C 
are respectively perpendicular to 

/3 = 0, 7 = 0, 
we shall have 

cco&G acos-4' acos^ bco&B' 

Hence the equation of the required circle is 

a cos -4 . a* + J cos J? . /S* + c cos (7 . t' = 0, 

or sin2^.a'+sin2J9.y3'+sin2(7.7' = 0. 

It will be remarked that this circle will be imaginary, 
unless one of the quantities sin 2 A, sin 2J9, sin 2 (7 be nega- 
tive, that is, unless one of the angles 2 A, 2j9, 2 (7 be greater 
than two right angles, or unless the, triangle of reference be 
obtuse-angled. 

Cob. By referring to the expressions for the co-ordinates 
of the centre of the conic, given in Art* 17, we see that at the 
centre of the circle we have 

acos-4 = )8cosjB = 7COS C. 

4—2 
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Or, the centre of the circle^ mth respect to which the tri- 
angle of reference ts self-corytigate^ coincides toith the tnterseo- 
tion of the perpendiculars drawn from, the angular points to 
the opposite sides. This is otherwise evident nrom geometri- 
cal considerations. 

20. To find the equation of the conic which touches twa. 
sides of the triangle of reference in the points where they meet 
the third. 

Let AB, AC he the two sides which the required conic 
touches in the points J9, G. We then require that the con- 
stants in the equation 

La' + Mfi' + Ny +2\fiy +Jlfiya+2vafi = 

should be so related to one another, that when )8 = we have 
the two values of a = 0, and also when 7 = the two values 
of a maj each = 0, 

Hence the two equations 

La^ + Ny+2fiya = 0j 
Lof+M^+2va^:=0, 

must both be identically satisfied when a = 0, and hy no 
other value. This requires that 

jvr=o, /i=o, if=o, j/=o. 

Hence the equation reduces to 

or, writing — ^^ for — , 

This equation, it will be observed, involves only one arbi- 
trary constant, as ought to be the case, since when a tangent 
and its point of contact are given, the conic is thus subjected 
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to two conditions, and, therefore, when two tangents and 
their points of contact are given, to four, 

21» If any straight line whatever be drawn through -4, 
and meet the conic in P, Q, and be represented bj the 
equation 

then JSP, BQ will be represented by the equations 

from the form of which it is apparent that BA, BP, BO, BQ 
form an harmonic pencil. Or any chord of a conic is divided 
harmonically hy the conic itself any point on the chord, and 
the polar oj the point toith respect to the conic. 

22. "We may observe, that the two straight lines repre- 
sented by the equations 

hoL = a))8, A;a = — 7, 

intersect on this conic whatever be the value of 6>. Hence 
any point on the conic may be expressed by giving the value 
of the ratio 

TcoL y 

If 6» be the value of this ratio at any point, that point 
may be denoted by the letter o*. The line joining the two 
points 6», to may be called the line 6>o>'. 

23. To find the eguation of the line o>a>\ 
Let the required equation be 

ka -f mfi + W7 = 0, 
we have then to determine m and n. 

Since, when ka^wfi, Ara = — 7, 

* Thit mode of ezpreuion ia g^yen bj Salmon in his C<mic Section$, 
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we get H hna> = 0. 

Similarly 1 + — , + n» = 0. 

Hence w= 



and ns=s : — ?• 

© + 0) 

Hence the line tato is represented by the equation 

24. To find the equation of the tangent at ©. 

This is obtained at once, from the result of the preced- 
ing article, by simply putting aa! = w. It will then be seen 
to be 

fi)*/8 + 7 = 2© . Jfca. 

25. To find the pole of mo. 

The pole of omo is the point of intersection of the tangents 
at a>, o>. 

It is therefore given by the equations 

2 ft) . A« — fi)*/8 — 7 = 0, 

2ft)'.fex-®'*i8-7 = 0, 
whence 

TccL ^ fi ^ 7 

fi)»-ft)'* 2 (ft) -ft)') 2ft)ft)' (ft) - ® ) ' 



or -^, = /S = -^, 

o + ft) ft)ft) 

26« 7b ^Tu^ ^Ae condition that a given straight line may 
touch the conic. 

Let the equation of the given straight line be 

fa+iwjS + wyaaO* 
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From Art. 22, it appears that if this straight line touch 
the conic, it most admit of being put in the form 

-^2(»A;a + ©'/8 + 7=»0} 
26)i _ ©' _ 1 
I m n 
whence ? = 4A"m», 

the required condition. 

The co-ordinates of the point of contact of this line will 
be determined by the equations 

— fa = 2mi8=2n7. 

Cob. By writing a, J, c, respectively for ?, m, n in the 
condition of tangency just investigated, we see that the 
necessary condition in order that the conic may be a para- 
bola is 

Or the eqwUion of the parabola toixhing AB, AC in B, 
C, is 

aV^4:hcfiy. 

27. To find the centre of the conic. 

Since the conic touches AB, AC m BGy it follows that 
the straight line drawn through -4, and the middle point of 
BGj will pass through the centre. The equation of this 
straight line is 

J/S-<^ = 0* 

^^ fi^9i^\i fti9%i \ ^® ^^ co-ordinates of the points 
in wmch the straight line meets the conic^ those of the 
centre will be 

/i+/> 91-^9^ ^i + ^« 
~2~' 2^2* 

Now fj ^, g^ g^y A^, \ are the respective values of 
a, /3, 7, obtamed from the equations 
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Eliminating y, a between these, we get 

whence 2i+& = _^_,. 

Sumlarly .a^=___,. 

These are the valueMp, 7 at the centre. The correspond- 
ing value of a maj. be^ ascertained by substitution in the 
equation 

\ , — 2aA 

to be 



These values all become infinite when 4J^hc = a", as mani- 
festly ought to be the case, since, as has been shewn in Art. 
24, the conic is then a parabola. 



TgTAirPT.TCfl, 



1. A triangle is inscribed in a conic; prove that the points, 
in which each side intersects the tangent at the opposite angle, 
lie in a straight line. 

2. A triangle is described about a conic; prove that thd 
straight lines, joiniQg each angular point with the point of contact 
of the opposite side, intersect in a point. 

3. Find the equations of the normals to the conic Xpy+fiya 
4- vafi = 0, dmwn at the angular points of the triangle of reference; 
and prove that they will intersect in a point if 
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4. Three conies are drawn, toucliing respectively each pair of 
the sides of a triangle at the angular points where they meet the 
third side, and all intersecting in a point. Prove that the three 
tangents at their common point meet the sides of the triangle 
which, intersect their respective conies in three points lying in a 
straight line; and that the other common tangents to each pair of 
conies intersect the sides of the triangle which touch the several 
pairs of oonics in the same three points, 

5. Prove that the points of intersection of the opposite sides 
of any quadrangle, and the point of intersection of the diagonals, 
form a conjugate triad with respect to any conic described about 
the quadrangle. 

6. If ^ be the radius of the circle described about the triangle 
of reference, p that of the circle with respect to which the triangle 
of reference is self-conjugate, prove that 

p* + 42? cos -4 cos J8 cos C= 0. 

7. If BGf CA, AB be three given tangents to a conic, 
P, Qy E three points on the curve, and if the areas of the triangles 
PBCy PC Ay FAB be denoted by ^„ p^ p^ respectively, and three 
of the triangles obtained by successively writing Q and R in place 
of P by g'j, q^ g„ r^ r^ r„ prove that 

(-Pi^tO*- 0>i2'.O*+ ( AA0*~ (P.?iO*+ (Afi'iO*- (P.^/i)*= 0. 

8. Prove, that the diagonals of any quadrilateral described 
about a conic, and the lines joining the points of contact of oppo- 
^te sides, all intersect in a point. 

9. A system of conies is described touching three straight 
lines ; prove that, if one of the foci move along a given straight 
line, the other will describe a conic about the triangle. 

Hence prove that the circle, which passes through the points 
of intersection of three tangents to a parabola, passes also through 
the focus. 
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CHAPTER m. 

ON ELIMIKATION BETWEEH hJOOAS, EQUATIONS. 

1. Befobe entenng iipon the discnssion of the conic re- 
presented by the general equation of the second degree, it wUl 
De necessary to dwote a few pages to the subject of elimina- 
tion between homogeneous Imear equations, and to explain 
some of the terms recently introduced in connection with 
this branch of analysis. 

We shall, however, only state and prove such elementary 
theorems as will be necessary in our future investigations; 
referring the reader who may be desirous of fuller informa- 
tion to Salmon's Lessons on the Higher Algebra; Spottia- 
woode, On Determinants (the second edition of which will be 
found in Crelle's Jowmaly t. 51, pp. 209, 328), and to the ori- 
ginal memoirs communicated to various scientific Journals 
by Messrs Boole, Sylvester, Cayley, and others. 

2. If we have given n homogeneous linear equations, con- 
necting n unknown quantities x^, x^^.x^^ such as 

a,a?j + ap^^'\- ... -I- a^^ = 0, 

JjflPj -f- J^, + ..• + Kx^ = 0, 

\x^ + i.a?,+ •.. +i»a?» = 0, 

the quantities x^yX^...x^ can be eliminated between them, 
and the result of the elimination may be expressed by 
omitting a? , a?, ... a?„, and writing the coefficients only in the 
order in which they appear in the given equations, thus 
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a,, a^...a^ 
hy \ ... h^ 

fC. ^ K% • • • /C|| 



= 0. 



The left-hand member of this equation is what is called 
the determinant of the given system of equations. 

We proceed to investigate the law of its formation* 

3. First, suppose we have two equations, 

aja?j + a^, = 0, 

iia?i + J,aj, = 0. 

Multiply the first by &,, the second by a„ and subtract, 
and we get 



Hence 



18 



1> «*« I 7 -I 



We ma]^ remark in passing that we shall obtain the same 
result by eliminating \y \ between the equations 

OjXj + h^ = 0. 



Hence 



«i> *i 



a,, a. 



A like theorem will be proved to be true for all deter- 
minants. 

4. Next, suppose we have the three equations 

aia?j + a^,+ aga?,= 0, 

*i«l + *A+5^,=:0, 

Cia?i + c^, + c^, = 0. 
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Multiply these equations in order bj the arbitrary multi- 
pliers Xp X , \y and add them together. Let the two ratios 
Xj : X, : \ be determined bj the conditions that the coeffici* 
ents of x^ and x^ in the resulting equation shall each be 
zero, i,e, let 






The resulting equation is then reduced to 
(aj\ + JjX,+ o,X,)aj, = 0, 
which requires that 

«i\i + *iXg+c,\ = 



•(B). 



Multiply the first of equations (A) by a„ the second by 
a^, and subtract, we then get 

(aA-aA)X,+ (c,a,-c,a,)X, = 0, 



or 



-2 — 



Cfi^-cfi^ ««^-aA 



Hence, dividing each term of (B) by« the corresponding 
member of (C) we get 



or 






+ «i(«A-«8*«)- 



= a, 






a«f Oi 



'%9 **i < 



+ ^i 



^S> «8 



• +<'x 



«.. 


«. 


*.. 


*. 


«,' 


«. 


*., 


J. 
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It will be seen that the above process is really ecjuivalent 
o that of eliminating X^, \, \ between the equations (A) 
md (B). Hence 



o,, a„ o. 




o., 5„ c, 


hf *t. K 


= 


«.. *.. c. 


c,. c.. c. 




o„ J„ c. 



5. Next, let us have the four equations 
c^x^ + c^i + c^s + c^x^ = 0, 

rfX+ e?^s + e^gX, -H?4 i/= o: 

To effect the elimination, multiply the equations in order 
by \i, Xj, X,, X^, add them, and equate the coefficients of 
X y x^j x^ severally to zero. We shall then have 

a,\ + b,\+c,\ + d,\^0' (A'), 

which equations involve as a consequence 

«A + ^\+«i\ + ^i\=^ (B')- 



To determine the three ratios X^ : X, : X, : X^, multiply 
equations (A') in order by /^, /tg, fi^, add, and equate to zero 
the coefficients of X^, X^. We thus get 



0^, 

dji, 






Also {aji^ + a^^+aji^\+{bjjL^+b^'{-bji^)\=:0, 



whence 



bafl» + *a/*8 + *4A*4 - («a/^t+ (^aH'9+ ^J^J ' 



Now, treating equations (C) as equations (A) were treated, 
we see that 

M« ^ Ma ^ ^4 

c,rf,-c,rf, cA-o/i, c,rf,-c,rf,' 
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> or 



M. 



where 



«4. d* I 



/*. 



«4. '^4 



J^ 






«4. ^, 



+ K 



C4. ''4 



+ i* 









+ 0. 






+ «4 






or 





\ 




^. 


".» 


<^. 


*., 


c.. 


^. 


*4, 


C4, 


^^4 



\ 




a„ c„ 


d. 


«.. «.. 


d. 


«4. «4. 


d. 



which, by symmetry, are equal to 
X. 



«.. 


*., 


d. 


«.. 


^. 


d. 


04» 


*4. 


d. 





\ 




«.. 


*., 


«. 


«.. 


A.. 


c. 


«4. 


A4. 


C4 



These equations may be more conveniently written in the 
following equivalent forms: 

\ 



K 


h,K 




«.. 


«.. 


«4 




a„ 


a„ 


0, 




«.. 


«.. «. 


c.» 


«.. ^4 


— 


Ct, 


c.. 


^4 




»., 


^, 


K 


'- 


*., 


*.,J4 


d,. 


d„d. 




d,, 


<?., 


'^4 




d„ 


*?., 


d. 




c.. 


c.. c, 



Eliminating by means of these equations X , X,,X3,X^> 
from equation B\ we get^ as the result of the elimination of 
ojj, Xg, a?,, a?^ between the four given equations, 
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«i> «a> «8» ^4 

*I> *t> *8> *4 

^1> ^2' ^«> ^4 

^'l* ^a> ^8> ^4 



-a. 



+ <5i 



^. ^. h 




^.. d„ d. 


-^ 



o„ o„ o« 




J„ J„ 64 


-^x 


rf„ <f„ rf^ 





««» «87 <^A 



^8> ^8> ^4 

«8> «8> ^4 

*8> *8» *4 

^8> ^8f ^^4 



And since the above process is equivalent to the elimi- 
nation of Xj, X,, \y \ between the equations (A') and (B'), 
we see that 



«i> «a> «8» ^4 

^l> \i *8> *4 

^l> ^8> ^8» ^4 

^t> ^a> ^8> ^4 



«1> *1> <5i» ^i 

«8> *8> Cg> ^8 

«8> *8» ^8» ^8 

«4> *4> ^4) ^4 



6. The law of formation will be sufficiently obvious from 
the above investigations. If we have n lines and columns, it 
may be similarly proved that 



*1> Ki h"J>n 



AJj, AJj, k^.,.k^ 



= «, 



h> 


K:K 




c.. 


c,...c. 


-J 




• 


^1 


• 


• 






• 




h, 


A/.* • 'fCfL 





«1> *1> Cj...fcj 

^a> ^2» ^8«-««^2' 
«8> *8> <'8--^n 






+ ^i 



«8> «8'-^» 



+ ... + {•^1)-% 



t*j, u-3. 
J„ J3.. 
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It may also be proved that if we have n — 1 equations 
connecting n quantities \ , X, . . . \, , such as 

^A + *«\+ ^i\+ ••• + ^A» = 0, 

^ A + * A + ^5 A + • • • + * A = ^> 

we shall obtain the following ratios between Xj, X,, X^...\, 
\ \ \_ 






^8» ^3'*'"1i 




By reference to the expanded values of the determinants 



«1. 


«.. 


«. 


K 


h, 


*. 


Cl. 


c,. 


«. 



it will be seen that the former contains 1.2 or two terms, the 
latter 1.2.3 or six. It may also be proved that, if n quanti- 
ties be eliminated from n linear homogeneous equations, the 
resulting determinant will contain 1.2.3...n terms. For, 
referring to the relation between determinants of n and n — 1 
rows, given in Arts. 3 and 4, it will be seen that this 
theorem is true for a determinant of n rows, if it be true for 
one of w — 1, But it is true for three rows, therefore it is uni- 
versally true. 

7. The horizontal rows of a determinant are commonly 
spoken of as " lines," the vertical ones as " columns." It 
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will be observed, moreover, that each term is the product of 
n factors, one taken from each line and from eadi colmnn, 
and that the coefficients of one half of the terms are + 1, of 
the other — 1. To determine the sign of any particular term 
we proceed as follows. Considering for simplicity the case of 
three rows, we have 



*i> *«> \ 



= ^1 Vs - «1 V« + ^A^l - «2^ A + ^8^^2 "" ^8 Vi- 



Here we observe, first, that (the factors of each term 
being arranged in alphabetical order, that is, in the order of 
the columns) the term afi/i^ (in which the suffixes follow 
the arithmetical order, that is, the order of the lines) has a 
positive coefficient. Now every other term may be formed 
from this by making such suffix change places with either of 
its adjacent suffixes a sufficient number of times. Thus the 
term afi/^^ is produced by simply making the suffixes 2 and 
3 exchange places. The term ajbfi^ is produced by making 
the suffix 3 change places, first with 2, and next with 1, which 
is then adjacent to it. If this process of interchanging the 
suffixes of two consecutive letters be called a " permutation," 
we may enunciate the following law, which by inspection 
will be seen to hold. 

" Every term derived from the first by an odd number of 
permutations has a negative sign. Every term formed by an 
even nimiber of permutations has a positive sign." 

Thus, it will be observed that the terms afi^c^; ^a^iCa? 
each of which is derived from afi^c^ by one permutation, 
have negative signs. The terms aJb^Ci ; aj)^c^^ each formed 
by two permutations, have positive signs. The term afi^c^, 
formed by three permutations, has a negative sign. 

In like manner, in the case of a determinant of four rows, 
if afiji^d^ have a positive sign, such a term as ajb^c^d^^ derived 
by two permutations, will have a positive sign, while ajb^c^d^y 
derived by three, has a negative sign. 

8. The sign of a determinant is changed by interchanging 
any tvoo consecutive lines or columns. 

P. 5 
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In the first place, we observe that 





«1. «. 

ft., ^ 


= «A 


— 


«A= 


= - 


-(ft.««-ft.«l 


)= 


= — 


ft., ft. 


Agam, 




=«1 


ft.. ft. 


-ft. 




+ c, 


ft., ft. 






= -«. 


ft.. ft. 


+ C 


' ft.. ft. 


-2 





by what has been shewn above, 

The theorem enunciated is thus proved for determinants 
of two and of three rows, and may by successive inductions 
be extended to any number* 

C0R» It hence follows that, if any two lines or columns 
of a determinant be identical, the determinant will vanish. 
For we see, by the above theorem, that 



a., «.. o. 




«17 «2> «8 


ft., ft., ft. 


=± — 


^, *J, *8 


ft., ft., ft. 




&„ i„ J. 



and therefore = 0. 
9. We see that 






= 7»a, 


ft., ft. 


— mJ, 


«,. a. 




c.. c« 




c,. c. 


+ wic, 


«2, «. 
ft., ft. 







= 7n 



«17 ««> «8 
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Hence, if all the terms in any line or column of a determi- 
nant he multiplied by any given quantity y the determinant itself 
vnU he multiplied hy the same quantity^ 

10. Def. From any given determinant, other determinants 
may be formed, by omitting an equal number of lines and 
columns of the given determinants. These are termed Minors 
of the given determinant, and are called first, second, &c. 
minors, according as one, two, &c. lines and columns have 
been omitted. Thus 



*., &. 



K, K 



are first minors of 



«1. 


«». «. 


K 


K h 


Ci, 


c., C3 



11. To investigate the relation which must hold among the 
coeffidefats L, M, N, \, /t, i;, in order that the quadratic 
function 

La'+ M/?+ Nt'^- 2X^y + 2/u7a + 2i;a/3 

may be the product of two factors of the first degree in 
a, K 7- 

The given expression is identical with 

(ia 4- 1//3 + /Ltry) a + (va + Jlf/3 + ^7) /3 + (/lAa + \/3 + JV7) 7. 

Now, if the relation between i. My N, X, /t, v be such 
that, for all values of a, A 7, the three linear functions 

La + v^ + fj/y^ i/a + JIf^ + Mj pi^ + \fi + Ny 

may bear to one another constant ratios (p : q : r^ suppose), 
then the riven expression will be the product of two factors, 
respectively proportional to 



La + pfi + fj/fy pa + qfi + ry. 



5—2 
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The necessary condition is then that 

p ^ q " r 

for all values of a, ^, 7, and therefore for those which make 
the numerators of any two of the above fractions =0. That 
is, values of a, fi, 7 exist, which simultaneously satisfy the 
equations 

La+ vfi +/[i7 = 0, 

^+X/3+-N7 = 0. 

Hence, eliminating a, /9, 7, we get, as the condition that 
the given expression may be the product of two factors, the 
equation 

i, 1/, fi 
V, M, \ =0, 
ft, X, N 

or LMN + 2\fiv- L\^- Mfi"" - W =^0. 

This expression 

Ly J/, fl 
Vj My X 

/A, X, N 

the evanescence of which is the necessary condition that the 
given quadratic fiinction may break up into two factors, is 
termed the Discriminant of that fimction. 

12. Pascal's Thboeem. 

From the analytical result stated in Art. 6 of the present 
chapter, that the value of a determinant is not altered by 
changing its lines into columns and its columns into lines, we 
obtain a proof of Pascal's theorem, which asserts that 

If a hexagon he inscribed in a conic, and the pairs of 
opposite sides be prodiiced to intersect^ the points of intersection 
tie in the same straight line. 



pascal's theobem. 
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Let AFBDCE be the conic; take ABG as the triangle of 
reference, and let the equation of the conic be 



a 7 



.(1). 



Let the equation of AE be )8 = 71,7, of AF be 7 = m^^y 
BF ... 7 =: Zjtt, of BD ... a = n^f^ 
CD... a^mfi, of CJS...^^l,a. 

Then, since i) lies in the conic (1), we have \ +fim^-^vn^=^0^ 

E X?, + /i + yw, = 0, 

F Ai3 + /Lm3 + i; = 0, 

1, m^j n^ 
whence Z,, 1, n, =0 (2) 

is the necessary condition that the six points Ay F^ By 2), 
Cy E may lie in a conic. 

Again, if the pairs of opposite sides intersect in points 
lying in a straight line, let the equation of that straight line 
be pa + jyS + ^7 = 0. Then, since 

BF and GE intersect in this line, we have p + J^j + vl^ = 0, 

CD and AF ^w, + j + iw»j = 0, 

AEbxABD jpwi + jn, + 1' = 0, 

1, ?., k 

whence w^, 1, «*8 =0 (3) 

n^y n^y 1, 

is the condition that these points of intersection may lie in 
the same straight line. But (2) and (3) are identical. Hence 
the proposition is proved. 

13. From Pascal's Theorem many interesting conse- 
quences may be deduced. Thus, if the point F coincide with 
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A, D with J5, E with (7, then AF^ BD, CE become the 
tangents at A^ B, G respectively, and we obtain the theorem 
enunciated in Ex. 1. Chap. ii. Again, by supposing D to 
coincide with B, and E with (7, we readily obtain the follow- 
ing theorem : " If the opposite sides of a quadrilateral, in- 
scribed in a conic, be produced to meet, and likewise the 
pairs of tangents at opposite angles of the quadrilateral, the 
four points of intersection will lie in the same straight line." 

And, by supposing F to coincide with A, we obtain a 
geometrical constoiction, by which, having given five points 
of a conic, we can draw a tangent at any one of them. For, 
since AF then becomes the tangent at A, we see that, if AE, 
DB be produced to meet in (?, AB^ EG in fi, and (JiT in- 
tersect UD in /, then -4/ will be the tangent at A. 
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1. Prove that 



cby 5, c, d 
by a, dy c 

Cy dy ay h 
dy Cy by tt 



= {a + b -i- c + d) (a -b + c — d) {a — b - c + d) (a+b -c-d). 



2. If 



K^K 



= A. 



KK 



^A. 



, , prove that 



and that 



G.,G, 



= a. 






A.^..^. 




«,. ».. a. 


A,^.,^. 


= 


6., K b. 


Go C., C, 




«.> «* «, 
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3. If 






=^ 






Cy a 



and 






prove that 






C,A \' I ^, 5 



C'ul'l [A^B" 



a',6',c' 
x,y,z 






4. Prove that 



0, 1, 1, 1,... 

1, 0, a+b, a+c... 
1, b-¥a, 0, 6+c... 
1, c+a, c+h, ... 



:a6<j...(-+T + - + ..- J. 
\a c / 



^A 
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CHAPTER IV. 

ON THE CONIC BEPBESENTED BY THE OENEBAL EQUATION 
OF THE SECOND DE6BEE. 



1. We may now proceed to the discussion of the gene- 
ral equation of the second degree, which we shall express 
under the form, 

uo? + vff^+vx/ + 2u'^ + 2vya + 2tr'ai8 = 0. 

This we may write, for shortness, ^ (a, fi, y) = 0. 

This equation, as we have shewn (Art. 1, Chap, "^j 
represents a conic section. 

2. To find the point in which a straight line^ drawn in 
a given direction through a given point of the conicy meets the 
conic again* 

Jjetf, g, hy be the co-ordinates of the given point, a, )8, y 
those of any other point whatever. Then, for all points of 
the straight line joining these two, the quantities 

a-/ ^-ffy 7-A, 

will bear constant ratios to one another. Let these ratios be 
denoted by p : j : r, so that we have 

a—/ /S—g y — h 

— iL — n — £. = J. — s. suppose. 
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To find where the line again meets the conic, we must 
substitute in the equation of the conic 

f-\-p8 for a, g-^qs for )8, h-\-r8 for 7. 

We thus get^ arranging the result according to ascending 
powers of a, 

^(/ 5^? A) + 2 {{up-\'Wq + vr)f+ {wp + vq + u'r)g 

+ {v'p + uq + tor) h]8 + <f>{pf q, r) s' = 0. 

The two roots of this equation, considered as a quadratic 
in «, determine the two points where the line meets the 
conic. 

Now, since {/, g, h) is, by supposition, a point on the 
conic, it follows that <f>{f, g, n) must be itself =0. Hence, 
one of the two values of s, given by the above equation, will 
= 0, as ought to be the case, this value corresponding to the 
point ^c, A itself. The value of «, corresponding to the 
other pomt of intersection, will then be 

{up + w'q + v*r)f-^ {wp + vq+ ur) g + {vp+u'q-\-wr)h 

Hence, the values of a, ^, 7, may be determined. 

To this value of «, we shall hereafter have occasion to 
refer. 

3. To find the equation of the tangent at a given point. 

If the two points in which a straight line meets the conic 
be indefinitely close together, the value of «, investigated in 
Art. 2, must be = 0. This gives 

{up + w'q + vr)f+ {wp + vgr + u'r)g + {v'p + m'j + wr) A = 0, 

or, 

(w/+ w'g + vh) p + {w'f+ vg + u'h) q + {v'f+ u'g + trA) r = 0. 

Hence» since, for every point on the line required, 
p q r ' 



74 MODEBN GEOMETBT* 

we get 

(u/+ wg + vh) a + {wf'\- vg + iiH) /3 + (v'/+ w'^r + wK) y 

= 0, since (^ ^, A) is a point on the conic. 

The tangent, therefore, at (/, ^, K) is represented by the 
equation 

(w/ + «?> + v'K) a + (i^?y+ vg '+ u'h) /9+ (^7+ u'g + t£?A) 7 = 0. 

Obs. Those who are acquainted with the Differential Calcu- 
lus will remark that this equation may be written thus, 

4. To find the oandttion that a given straight line may 
totich the conic. 

Let the equation of the given straight line be 
la + m/8 + 7i7 = 0. 

Let (/, g, h) be the co-ordinates of its point of contact ; 
then, comparing this with the equation of the tangent just 
investigated, we see that we must have 

uf+ w'g + vh _ w'f+vg+u'h _ vf+ug + wh 
I ~' m " n ' 

Eepresenting each of these equivalent quantities by — i, 
we shall have 

tt/+tr> + t?'A+ nc=^0 (1), 

«^y+ vg-\-uh'\-mh = (2), 

vf+ug+wh + nk=Q (3). 

Also, since (/, g, h) is a point on the given line, 
lf+mg + nh = (i (4). 



\ 
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Eliminating /, g^ A, i, between (1), (2), (3), (4), we 
obtain 



W, Wy V\ I 


= 0, or 


w\ r, u\ m 




Vy u\ w, n 




I, w, w, 





, I 



m 



n 



= 



€P4> d^<^ cP(f> 

da^ ' da rfyS da drf 

^^ ^ 8^^ 

d^da' d^' d^dri' 

dP<l> d^<l> d^ 

dydoi' d^dfi' &f' 

If frij rij 

as the necessary condition that the line {I, m, w,) should 
touch the conic <f) (/, g. A) = 0. Expanding the determinant, 
this may be written 

{vw - tt") P+iwu- v") m' + {uv - w'*) w' + 2 (t> V — uu') mn 
*f 2 {w'u - vv') nZ + 2 {u'v - tow') Im = 0. 

5. The coefficients of P, w", n", 27nn, 2nZ, 2fon, in the 
above equation, will be observed to be the several minors of 
the determinant 

t«, w\ V* 

w\ V, u' 

V'f Uy w 

They will frequently present themselves in subsequent 
investigations, and it will be convenient, therefore, to denote 
each by a single letter. We shall adopt the following 
notation : 

vw' - mi = IT, w'u' - W = r, uv' - ww' = W. 

The condition of tangency investigated in Art. 4 may 
then be written, 

CT+ 7^> + Wn'' + 2U'mn + 2FW+ 2 W'lm = 0, 
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& To find the condition that the conic may he apeprabola. 

Since every parabola touches the line at infinity, the con- 
dition required will be obtained by writing a, S, c respec- 
tively in place of Z, «i, «, in the condition of tangency. This 
gives, as the necessary and sufficient relation among the 
coefficientSj 



tt, Wj V, 



u\ b 
w', w, c 
h, c, 



a. 



= 



7. To find the condition that the conic may break up 
into two straight lines, real or imagin^ary. 

For this purpose it is necessary and sufficient that the 
expression ^(a, /8, 7) should break up into two factors. 
Tne condition for this has been shewn in Art. 9, Chap. iii. 
to be 



w\ V. u' 



V, te, V) 



^0 



or uvw + 2uv'w* — uu'^ — vv'^ — wvP = 0. 



8. To find the equation of the polar of a given point. 

If through a given point any straight line be drawn 
cutting a conic in two points, and at each point of section 
a tangent be drawn to the curve, the locus of the intersection 
of these tangents is the polar of the given point. We pro* 
ceed to find the equation of the polar of (/, g, A). 

^®* fv 9v K 5 fny 9%^ K ^ ^^ co-ordinates of the points 
in which any straight line drawn through (/, g, h) meets the 
conic. Then, since (/, g, A), (X, g^, AJ, (^, g^, h^ lie in the 
same straight line, we have 

/O7A -5'A) +^(Ai/.- AJi) + *(/i^. -/s^x) -0 (1), 
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(see Art. 12, Chap, i.) Again, the equations of the tangents 
^^ ifv ffv Ai)> ifv 9^^ K) respectively, are 

f^ (tta + v/fi + vy) + g^ {w'a + v^ + u'y) + \{v*a -\-u^+toy) = 0, 
f, (ua + w'l3 + vy) +ff^ {w'a + v^ + u'y) + hj^v'a+u'p+ioy) = 0. 

Where these intersect, we have 

UCL 4- w'P + 1?^7 _ wa + 1?^ + u'y __ va + u'^ + toy . . 

Combining this with equation (1), we get 

f{ua + uf^ + 'i^y)+g {wa + vyS + u*y) + h (v a + w'yS + tt?7) = 0, 

or (w/+ wg + v'h) a + («!?/+ vg + u'h) fi+ {i/f+ u'g + wh)y = 0, 

as a relation which holds at the intersection of the tangents; 
and which, since it is independent of the values of ^, gj^,'h^ ; 
fit 9i> Ki ^^* ^ ^^^ equation of the locus of the point of 
intersection of the tangents drawn at the extremities of any 
chord passing through (/, g, A), that is, it is the equation of 
the polar of (/, g, h). 

It may also be written, 

It will "be remarked that this equation is identical in form 
with that already investigated for the tangent at a point 
C/j ffy ^) of ^^^ curve. In fact, when the point {f, g, A) is on 
the curve, the polar and the tangent become identical. 

9. To find the co-ordinates of the pole of a given straight 
Urn, 

Let the equation of the given straight line be 



h. + m^ + W7 = 0. 
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If (/, g^ h) be the co-ordinates of its pole, we must have, 
applying the equation just investigated for the polar of 
(X 9> A), 

uf-\- w'g + vh _ igy + vg + uh _ v\f-\- u*g + wh 
I m n ' 

Putting each member of these equations = — A;, we get 

uf+wg + v'h+lk:=0, 

w'f-\- vg + u'h + mh= 6, 

vy + ug + ti?A + ni = 0, 
whence 

/ _ ^ - A 



W?', V , I 




u\ w\ m 




v\ u, n 


V, a', w 




w, v\ n 




u, to\ I 


t^', w, n 




v\ Uj I 




w\ V, m 



•These equations, together with 

af+hg + ch=:2A 

determine the co-ordinates of the pole* They may also be 
written 

/ 



Ul+ W'm+ V'n W'l+ Vm+U'n" V'l+ U'm -h Wn ' 

10. To find the equation of the pair of tangents dravm to 
the conic from a given external point. 

Consider the equation 
^ (a, iS, 7) + 4 { (w/ + wg + v'h) a + (t^/ + vg + uh) /3 

where A; is an arbitrary constant. 

This, being of the second degree in a, ^, 7, represents a 
conic; and meets the Qonic <f> {a, )8, 7) = in the two points 
in which that conic meets the line 

{uf+w'g + v'h)gt + {wf+vg + u'h)fi+(vf+ug + wh)y=^0, 
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and in these points only. Hence since two conies in general 
intersect in four points, it follows that in this case the four 
points of intersection coincide two and two, that is, the conies 
touch one another at the two points where they meet the 
above-mentioned line, or have double contact with each other. 

The arbitrary constant h may be determined by making 
the conic pass through any assigned point. Suppose now 
that the conic is required to pass through the point (/, g^ A), 
of which the line of contact is the polar. This gives, for the 
determination of i, the condition 

^ (/, 9,h)-{-k {(«/+ wg + v'h)f+ {w'f+ ^g + u'h) g 

+ {vf+u'g + wh)h]^0 

whence ife = — -r-r? t\ • 

^ if 7 9^ *) 

Hence the equation 

* (/, 9. A) 4> («. A 7) - [W+ ^V + t^'A) a 

+ («?/+ ^^9 + w'A) i8 + (^/+ ^V + «^*) 71" = 0, 

represents the curve of the second degree, passing through 
the point {f, g^ h) and' touching the conic ^ (a, /8, 7) = 0, at 
the points where the polar of this point intersects it. But 
this curve must evidently be coincident with the two tangents 
drawn from that point to the given conic <f) (a, /8, 7) = 0. 

This equation may be put under another form, for the 
coefficient of a^ will be found, by actual expansion, to be 

u {uf + V + wh^ + 2<9A + 2t?'A/+ ^w'fg) 

- {uy + w'Y + ^''A' + 2vw'gh + 2WA/+ 2uwfg) 

==Wf^m^2irgL 

That of 2/37 is 
u' {uf + vg* + wh^ + 2ugh + 2vhf+ 2w'fg) 

- {w'f+ vg + uh) {v'f+ ug + wh) 
= {uv! - vw)f 4- {u^ - vw) gh + (wV - uw) hf^ {wu'-vv)fg 
= - TTf-- Ugh^ W'hf+ V'fg. 
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Similar expressions holding for the coefficients of /?,'/. 
27a, 2a/8, we obtain the equation of the two tangents under 
the form 

( Wff'+ Fi*-2 Z7>A)a*+( Uh*+ Wy»-2 rAJ)^+{ Vf-¥ W^^ ^M 
-2 (r(/» + FJ/ - irjff-Wgh)ya 

If the point (/ g, h) be within the conic, these two tan- 
gents will DC imaginary. 

11. To find the co-ordinates of the centre* 

Since the two tangents, drawn at the extremities of any 
chord passing through the centre, are parallel to each other, 
it follows that the pole of the centre is at an infinite distance, 
and may therefore be represented by the equation 

aa + JyS + C7 = 0. 

Hence, if a, fi, 7, be the co-ordinates of the centre, we 
obtain, by an investigation similar to that of Art. 9, 



Hence, 



wa + w'fi + v'7 + a4 = 0, 
<? a + w'i5 + tr7 + cA = 0, • 



.(A), 



a 




$ 




y 




h 


w, v, a 




u\ Wj b 




v\ u\ c 




u, w\ V 


V, u\ I 




w, v\ c 




u, w\ a 




w\ V, u' 


u\ tr, c 




v\ u, a 




w\ v, 6 




v; «', «, 



or 



iS 



Ua+ W'b+V'c' 



W'a+Vb+U'e' 



Va+U'b+We 



uvw + 2u'v'io'— uu' — vv"* — tew'* * 
These equations determine the centre. 



ASYMPTOTES. 
12. To find the equation of the asymptotes. 
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Writing a, yS, 7, for f, g, h, in the investigation of Art. 
10, and paying regard to equations (A) of Art. 11, the 
asymptotes will be found to be represented by the equation 

<^(a, ^, y)<t>{^, A 7)-{(aa + iy9+(yyn^« = 0, 
or ^(a, ;§, 7) ^(a, yS, 7) - (2A)«i» = 0. 

But, multiplying equations (A) in order by a, yS, 7, and 
adding, we get _ _ _ 

9 
Hence the asymptotes may be represented by the equa- 
tion _ _ _ 

<^(a, yS, 7)-^(a, A 7)=0, 

or if) (a, /3, 7) + 2A . * = 0, 

which may be put under the homogeneous form 

(aa + h$ + 07) ^(a, fi,y)+Ic {aa + J/3 + 07)" = 0. 

But, by the final result of Art. 11, it may be seen that 

ag-l-^^ + o^ _ Ua^ + W+W(?+2irbc+2V'ca+2Wab 
k " uvw + 2u'v'w' — uv^ — vv'^ — ww'^ ' 

whence the equation of the asymptotes becomes 
(Z7a*+ rb^+m?+2U'hc + 2V'ca + 2W'ab)<l>{a, /3, 7) 
— {uvw + 2'uvw — uu'^ — W" — ww'^) (aa + JyS + 07)" = 0. 

This may also be written under the form 



u, w, V, a 

w?', V, U'y I 

V', U\ Wy C 

a, 6, c, 
F. 



<l> (a, /3, 7) + 



u, 


w', 


v' 


w', 


«, 


u' 


V', 


«', 


w 



{aa + hfi + oyy=0. 
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Cor. It appears, from the preceding investigation, that 
if a, yS, 7 be the co-ordinates of the centre of the conic repre- 
sented by the equation 



then ^ (a, ^, 7) = - 



«, w', 


t>' 






w; v'. 


«' 


4A» 


«', «', 


to 




«, to', 


t^', 


a 




W, V, 


t*', 


5 




«', «', 


M?, 


c 




a, J, 


c, 








13» To ^W6? *A6 condition that the conic may be a rect- 
angular hyperbola. 

If the equations of the asymptotes be 
la + mfi + 717 = 0, 
Z'a + m'/3 + n'7 = 0, 

the condition of their perpendicularity is 

It + mm' + nn — {mn! + m*n) cos A — (nZ' + n ?) cos -B 
- (W + ?m)cos (7s=0. 
Writing, for shortness, 

Ua^^VV+Wc^ + ^U'bc + ^Vca + ^Wah^D, 
uvw + 2u!vw' — W* — vv'* — ww^ = K, 
we see, by reference to Art. 12, that 

U mm' ^ nn' 

^ ^imn'-Vm'n) ^ \{nV + nJ) ^ ^ ( W + T m) 
Du'-Kbc " Dv'-Kca " Dw - Kab ' 
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Hence the required condition is 

D{u + v + W'-2u'cosA'- 2v' cos B — 2w' cos G) 
- K{a^ + J'+ c"- 2Jc cos^ - 2ca cos5- 2oi cos C) = 0. 

Now a' + y + c*- 2Jc cos^ - 2ca cos5- 2ab cos (7= 
identically, hence the required condition becomes 

w + 1? + w — 2m' cos -4 — 2i/ cos jB — 2m?' cos (7= 0. 

Cor. It hence appears, that the condition that the 
conic 

u'Py + v^a + w'a^ — 0, 

described about the triangle of reference, may be a rectan- 
gular hyperbola, is 

m'cos-4 + r cos 5 + m?' cos (7=0; 

that is, the conic must pass through the point determined 
by the equations 

a cos-4 = /8 cos5= 7 cos G. 

This point (see Art. 5, Chap. I.) is the point of inter- 
section of the perpendiculars let fall from each angular point 
of the triangle on the opposite side. Hence we obtain the 
following elegant geometrical proposition, that every rectangu' 
lar hyperbola described about a given triangle passes ihr(mgh 
the point of intersection of the perpendiculars let fall from 
each angular point of the triangle on the opposite side. 

Again, if u\ v', w' be all = 0, the condition is 
u + V + w =^ 0, 
proving that, if the equation 

represent a rectangular hyperbola, the curve will pass through 
the four points for which 

a = /3 = 7, -a = /3 = 7, a = -i9 = 7, a = /3 = -7. 

6—2 
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In other words, if a rectangular hyperbola he so described 
that each angular point of a given triangle is the pole, with 
respect to it, of tke opposite side, it vnll pass through the 
centres of the four circles which touch the three sides of the 
triangle. 

14. To investigate the conditions that the general equaim 
of the second degree shall represent a circle. 

The property of the circle, which we shall assume as the 
basis of our investigation, is the following : that if, through 
any point, chords be drawn cutting a circle, the rectangle, 
contained by their segments, is invariable. 

Suppose then, that the curve, represented by the equa- 
tion 

wa' + v^S* + tt?y + 2tt'^7 + 2vya + 2w? a/3 = 0, 

cut BG in Jj, Cj, CA in c,, a^, AB in a,, J3, 

Fig. 17. 




then, if this curve be a circle, 

Ac^.Aa^^Aa^.Ah^, Ba^.Bb^^Bh^.Bc^, Ch^.Cc^^ Cc^.Ga^^ 
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Let A, H be the respective distances of c,, a^ from AB\ 
g^ g\ those of a^^ \ jfrom AG\ then, multiplying the first of 
the above three equations by sin* -4, we get 

}M^gg\ 

Now A, H are the two values of 7 obtained by putting 
/3 = in the equation of the conic section, bearing in mind 
that, when )8 = 0, 

aa + C7 = 2A. 

This gives, for the determination of 7, the equation 
w (c7 - 2A)* + w?aV + 2ai; 7 (2A -• 07) = ; 
whence, by the theory of equations, 

W.4A' 



Similarly, gg^ = 



W.4A' 



va^ + ulf — 2w'ah " 
Hence, since Ac^ . Aa^ = ^ag . Ah^, we obtain 
t«c* + wa^ — 2i;'ca = va^ + ub^ — 2ii7 a6. 
Similarly, from the condition 

we find t?a' + ub^ — 2ii?'ai = «(?J' + vc^ — 2w'Jc. 

The condition OJ^ . Cq = Gc^ . Ga^ 
gives «?J" + vc^ — 2m'6c = uc^ + w?a' — 2t;'ca, 

which also follows from the preceding two equations. Hence 
the equations 

wV + v(? — 2v!bc = t^" + wc? — 2v'ca = vd? + w6* — 2wab 

are necessary conditions that the given equation should re- 
present a circle ; and, since they are two in number, they are 
sufficient. 
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15. To determine the intersection of a circle with th 
line at infinity. 

Since, at every point in the line at infinity, 

aa + Ji8 + c7 = 0, 
we shall have 



, oya + hap 
a = ■— 



a 
aafi + c^ 



I 
^ ^ a^y + iyoL 

Substituting these values in the equation 

wa* + Vi8" + tt?7* + 2m'/87 + ^vyd + 2w*afi = 0, 
we get 

or, multiplying by oJc, 

{2ubc — vc* - wb*) afiy + {2v'ca — wa* — wc*) J^a 

4- {2wab - w J' - t?a») ca/3 = 0, 

which, if the conic be a circle, reduces to 

al3y +hya + coifi = 0, 

shewing that every circle intersects the line at infinity in the 
same two points as the circle described about the triangle of 
reference; that is, all circles intersect the line at infinity in 
the same two points. These points are, of course, imaginary. 

16. It may be shewn, by a geometrical investigation 
similar to that m Art. 14, that i£ p^, p^, p^ be the semi-diame- 
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ters of the conic respectively parallel to the sides of the 
triangle of reference, 

p^* {wV + v<? - 2m' Jc) = p^ {uc^ + wa^ - 2v'ca) 

= p^ (va^ + vh^ - 2wah). 

Hence, if two conies be similar and similarly situated, 
the values of the ratios denoted by 

wV + v<? — 2v!hc : uc^ + wcf — 2t?'ca : vc? + w5* — 2w'ah 

must be the same for both. 

Hence, also, by reasoning similar to that employed in 
Art. 15, it follows that all conies ^ similar and similarly 
situated to each oiher^ intersect in the same two points in the 
line at infinity. 

These points will be real, coincident, or imaginary, accord- 
ing as the conies are hyperbolas, parabolas, or ellipses. 

If the conies, in addition to being similar and similarly 
situated, are also concentric, they will touch one another at 
the two points where they meet the line at infinity. 

17. We have investigated, in Art, 10, the equation of 
the pair of tangents drawn to the conic from a given point 
(/> ffy ^)* ^^ these two tangents be at right angles to one 
another, they may be regarded as the limiting form of a 
rectangular hyperbola, and must therefore satisfy the equa- 
tion investigated in Art. 13. This, therefore, gives as the 
locus of the intersection of two tangents at right angles to 
one another 

wf+rh'--2U'gh+m'+wf^2rhf^vf+uf^2Wfff 

+ 2 {U'f'+ Ugh^ r/g " W'hf) COS A 
+ 2 {ry+ Vhf-- W'ffh - U'fg) cosB 
+ 2 {WV+ Wfg - ?7'A/- rgh) cos 0=0. 

This may be shewn (see Art. 15) to represent a circle, as 
we know ought to be the case. 
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This equation may also be expressed in the following 
form 

V+ W+2U'co&A . W+ U+^VcosB 

V 9 



{af+'bff + ch) f /+ 

U+V+2W'coaC 



■) 



If the conic be a parabola, then (see Art. 6) this breaks u 
into two factors, one of which is the line at infinity; an< 
the other must represent the directrix, since that is the locus 
of the point of intersection of two tangents to a parabola at 
right angles to one another^ 

The appearance of the line at infinity as a factor in the 
result in this case may be explained as follows : Every para- 
bola touches the line at infinity, and this line also satisfies 
the algebraical condition of being perpendicular to any line 
whatever, since, whatever Z, wi, n may be, 

al+bm+cn— {bn-\-cm) cos A— {cl+an) cosB—^am+hT) cos (7=0, 
identically. 

It therefore will form a part of the locus of the intersec- 
tion of two tangents at right angles to one another, the two 
tangents being the line at infinity itself, and any other tan- 
gent whatever. 

The directrix of the parabola is therefore represented by 
the equation 

F+ TF+ 2 U' cos A W+ U+ 2 F'cos B ^ 

a+ T p 

a 

U^V4-2W'cosG ^ 
+ 7 = 0- 
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18. To find the magnitudes of the axes of the conic. 

Let a, A 7 ^® the co-ordinates of the centre; and, for 
shortness' sake, put 

Then if r be the semi-diameter drawn from the centre to 
a, yS, 7, we have (see Art, 3, Chap. I.) 

7-^ = ^2(acos-4.a:^+ico8jB.^ + ccos C.s^) (1). 

Again, from the equation of the conic, 

= <^(a, /3,7)=^(a + a?, ^+y, y + z) 
= 4> (a", y8, 7) + 2aj {ua + w'^ + v'y) 

+ 2y {w'a + V0 + u^) + 2^? {v'a + ufi + 2^) 
+ <l> {x, y, 0). 

Now, by Art. 11 of the present chapter, 

tig + w'fi + v'y _ K?'a + y)8 + ^7 _ v'a + u'^ + «?7 
a b c ' 

Also, aic+5y+C2;=a(a-a)+i03-^)+c (7-7) = 0.... (2) ; 

••• <f> (», 2/,z)==-4> (a, ^, 7), 

or, wa? + v^ + W2? + 2m y^j + 2v'0aj + '^w'oay 



u, w\ v' 






w\ V, u' 


(2A)« 


V, u, w 




w, w\ v\ a 




w\ V, u\ b 




V, u, w, c 




a, b, c, 








.(3). 



(See Art. 12, Cor.) 
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Now the semi-axes are the greatest and least values of 
the semi-diameter. We have then to make 

-T-r* = acos-4.a:^ + JcosJ?.y' + ccos G.s? (4) 

a maximmn or minimum, x^ y, z being connected by the rela- 
tions (2) and (3). 

Multiply (2) by the indeterminate multiplier 2X, (4) by 
/i, adding them to (3), differentiating, and equating to zero 
the coefficients of each differential, we get 

ux + w'y -\- vz -\-\a cos -4 . a;+ /xa = 0] 

WX'\- vy +t^'« + X&cos5.y + /aJ = oJ' (5). 

vx -\- uy -\- wz -\->jc GOB G . z -\- fic — o) 

Multiplying these equations in order by a?, y, «, and add- 
ing, we get 



dbc 



Substituting this value of X in equations (5), and elimi- 
nating a?, y, z from the equations combined with (2), we 

obtain the following quadratic for the determination of -, : 
fa8Cx>BA 



u, w'. 


v' 




w', V, 


«' 




v\ u\ 


to 




M, W', 


v', a 


V)', V, 


u', b 


v', u', 


w, c 


a, b, 


c, 






-v. 



/hs cos B \ , 

cs cos G 



w 



a. 



-u. 



h 



fcs cos G \ 

\-^ — ""h 



to), c 




= 0, 
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where s is written for 





u, 


w', 


v' 




ahc 


< 


V, 


«' 






V, 


u', 


w 






u, 


«', 


V , a 




w, 


». 


u', h 




V, 


«', 


w, c 




a. 


b, 


c, 


1 



This equation determines the semi-axes. 

19. To find the area of the conic. 

In the above equation, the coefficient of -^ is 

— aJc5' (a cos 5 cos (7+&cos Ccos^ + cos^cos5), 
which is equal to 

^^— (sin ^ cos 5 cos (7+sin5cos C^cOs^ 

+ sin (7 cos A cos B) 

= -T — sin-4sin5sin (7= — 4A'.s'. 

2A 

The term independent of r* is 

u^ v>\ V, a 
w\ Vy u'y b 

Vf U'y Wy c 

a, i, c, 
Hence the product of the two values of r* is 





4AV 


M, 


w, v, a 


«,', 


V, u', b 


v', 


u', w, c 


o, 


b, e, 
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The area of the conic is, therefore, 



27rAaJc 



tt, w', 


v' 






w', V, 


«' 




v\ «', 


w 




M, «>', 


v\ 


— a 


f 


w\ », 


«', 


-h 




«', «', 


w, 


— c 




a, h, 
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From the above investigation may be obtained the crite- 
rion which determines whether the conic be an eUipse or 
hyperbola. For, in the hyperbola, the two values of r* have 
opposite signs, hence the curve will be an ellipse or hyper- 
bola according as 



u, 


w, 


«, 


a 


V,', 


«, 


«', 


h 


v\ 


u\ 


w. 


c 



a, by c, 
is negative or positive ; or according as 

Ua'+Vl?+Wc'+2U'bc + 2rca + 2W'ab 
is positive or negative. 



Examples. 

1. Each angular point of a triangle is joined with each of 
two given points ; prove that the six points of intersection of the 
joining lines with the opposite sides of the triangle lie in a conic. 

2. A conic is described, touching three given straight lines 
and passing through a given point; prove that the locus of its 
centre is a conic. 

Express, in geometrical language, the position of the given 
point relatively to the straight lines, in order that the locus of 
the centre may be a circle. 
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Also find the locus of the given point, in order that the locus of 
the centre may be a rectangular hyperbola. 

3. In example 1, prove that, if the conic described about 
the triangle, and passing through the two given points, touch the 
line (^, w, w), the conic passing through the six points of intersec- 
tion will touch the line ( -r , — , - ) . 

\l m nj 

4. If ^, B^ Cy A\ i?', (T' be six points, such that the straight 
lines B'C, G'A', A!B are the several polars of the points -4, if, (7, 
with respect to a given conic, prove that 

The three straight lines AA\ BJB^, (7(7, intersect in a point; 
and that 

The points of intersection of BG with FC, CA with G'A\ AB 
with A'B'f lie in a straight line. 

5. If two triangles circumscribe a conic, their angular points 
lie in another conia 

6. The equation of a conic circumscribing the triangle of 
reference, and having its semi-diameters parallel to the sides equal 
to r^ r^ Tj^ respectively, is 

a h c _ 

r'a t;P r;y 

7. A conic always touches the sides of a given triangle; 
prove that^ if the sum of the squares on its axes be given, the 
locus of its centre is a circle, the centre of which is the point of 
intersection of the perpendictdars let fall from the angular points 
of the triangle on the opposite sides. 

8. If tf be the angle between the asymptotes of the conic, 
represented by the general equation of the second degree, prove 
that 



0, sin -4, siujff, sin (7 
sin-i, w> le/, t?' 
sin J?, «y, r, u' 

sin (7^ «/, u\ w 



■ (w + V + to - 2w' cos il — 2i;'cos B 
-2t(/cosO)'tan'tf = 0. 
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CHAPTER V. 

TRIANGULAR CO-ORDINATES. 

1. We shall now give a concise account of a system of 
co-ordinates which differs from that which has been the 
subject of the preceding chapters in assigning a slightly 
different interpretation to the co-ordinates. In the system 
which we are about to explain, the position of a point P is 
considered as determined by the ratios of the arects of the tri- 
angles PBC, PGA, FAB, to the triangle of reference ABC. 
If these quantities be denoted by the letters a?, y, z, they will 
be connected by the identical relation 

x + y + z = l. 

2. In this method^ as in that of trilinear co-ordinates, an 
equation of the first degree represents a straight line, and 
one of the second degree a conic. 

Again, since x: aa,:: y : b^ :: z : 07, it follows that if 
the same straight line be represented in the two systems by 
the equations 

h. + m^ + wy = 0, 

Vx + my + w « = ; 

.*. 1 1 Ta II m\ mh :: n : «'c. 

Hence we may pass from any relation among the coeffici- 
ents in the trilinear system to that in the present one, by 
writing la, mh, nc, for Z, m, n, respectively. Similarly, in 
conies, we may pass from any such lormula to the correspond- 
ing one, by writmg 

wa*, vb^, wc\ ubc, v'ca, w'db, for u, v, w, u\ v\ w* 
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And, since U=vw — w'*, 

ire must write for Z7, 5VJ7, and similarly for V and W, 

Also, since U' = vw' — uu\ 

ve must write for U\ cFbcU\ and similarly for V and W\ 
*^caV\ c'abW. 

Hence we obtain the following synopsis of formulae : 

The straight lines drawn through the angular points of a 
xiangle, bisecting the opposite sides, are represented by 

y — j5 = 0, — aj = 0, x-^y^O. 
The internal bisectors of the angles, by 

o c c a u b 

The perpendiculars, by 

y cot5 — «cot C7=0, z cot (7 — cc cot-4 = 0, 
aj cot^ — y cot5= 0. 
The distance between two points, by 

or by 

r(y+c»,a^(a;-a;y4-(c'+a'-y)(y-y)'+(a^+y~c')(;g-g7H 



The condition of parallelism of the straight lines 
he + my + w^j = 0, I'x + m'y + nz = 0, is 
= 0, 



1, 


I, 


I' 


1, 


m. 


m' 


1, 


n, 


n' 



or mn — mn + nH -^ 7i7 + Im — Z'w = 0. 
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The condition of perpendicularitj, 

2«'a" + 2mm'V + 2nn'c* - {mn' + mn) {V + i?- a') 

-{nT + 7i7)(c' + a'-6') 

-(ZW +Z'w)(a*+J'-c') = 0, 

or {(Z - m) {V - n') + (Z - n) {V - w')} a' 

+ {(m - n) (m' - V) + (m- Z) (m' - n')} V 

+ {(n-Z)(n'-m') + (n- w) (w'- Z')} c' = 0. 

The perpendicular distance from the point (a?, y, 2;) to the 
line Ix H- Tny + w« = 0, is 

(fa + ^y + m) 2 A 

The line at infinity will be represented by a? 4-^ + 2 =0. 

3. Again, in conies we have the following formulae : 
The conic will be a parabola, if 

w, w\ v\ 1=0, 

W\ Vy u\ 1 

V\ U\ Wy 1 

1, 1, 1, 

or if Z7+F+TF+2Z7' + 2F' + 2TF' = 0. 

A rectangular hyperbola, if 

or {u-\-u'-v*'-w)a^'\-{v-\-v'-w'-u')b^ 

A circle, if 

v + w — 2u' __ w^-u — ^v' _ u^-v — 2w* 
a^ V ~ ? • 
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The centre is given hj 
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u, 


w, 
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w, 
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v\ 
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M, W\ 
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w', V, 
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or 



X 



Cr+ F'+ TT'" r+ pr'+ W W+ U'+ V" 
The equation of the asymptotes is 
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Uy W\ V\ 1 

w\ V, u, 1 
V, u\ Wy 1 

1, 1, 1, 



<A (a?, y, z) + 



W, W, V 



w, t?, 



w 



{x+t/+zy=^o. 



Other fonnulae may be adapted in a similar manner. 



P. 
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CHAPTER VI. 



RECIPROCAL POLARS. 



1. The theory of Reciprocal Polars, which will be 
treated of in this chapter, discusses the relations which 
exist between systems ot points and straight lines which are 
the poles and polars of each other with regard to any conic; 
and shews how from the properties of a curve, regarded as 
the locus of a moving point, may be deduced those of another 
curve which is always touched by the polar of this moving 
point with regard to a fixed conic. The theory is especially 
valuable when the conic, with respect to which the poles and 
polars are taken, is a circle. 

2. The polar of the point of intersection of two given 
straight lines is the straight line which joins the poles 
of those straight lines. This will readily be seen to follow 
geometrically from the definitions of a pole and polar ; or it 
may be analytically proved thus. 

Let the two straight Ihies be represented by the equations 

l,OL + m,^ + n,y = (1), 

Ijx + m^ + n^y^O (2). 

At their point of intersection, we have 
a ^ ^ ^ 7 
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The polar of this with respect to 

Lof + Mp^ + Ni'^O, 

to which form every conic majr, by stiitable choice of the 
triangle of reference^ be reduced, is represented by the equation 

(^i«« - ^J^^ ^ + K^a - Vi) ^P + {k^% - ^J^^ Ny^O... (3). 

But the poles of (1) and (2) with respect to the same 
conic are given by 

La_M/3_Ny 



h «». ' 


"«.' 


La if/3 


— ' ■ • 



Both these points lie on the line (3). Hence the propo- 
sition is proved. 

3. If a point move in any manner whatever, its polar 
will move in a manner dependent upon the motion oi the 
point, and the curve which the polar always touches (its 
envelope^ as it is called) will have certain definite relations to 
the path traced out by the point. The locus of the moving 
point and the envelope of its polar, are called the j>olar 
reciprocals of one another. The use of the word reciprocal 
arises from the fact, which we proceed to demonstrate, that 
the locus of the point may be generated from the envelope 
of its polar, in me same manner as the latter curve was 
generated from the former. For shortness' sake we shall 
denote the two curves by the letters L and E. 

Let P, P be any two points on Ly the pole Q of the 
chord PP' will be the point of intersection of the correspond-^ 
ing tangents to JS (that is, of the two tangents to E which 
are the poles of P, P with respect to the conic). Now let P' 
move along i up to P, then PP ultimately becomes the tan- 
gent to i at P; moreover the polars of P and P approach 
indefinitely near to coincidence, and their point of intersection 
Q will ultamately be a point on K But Q is the pole of PP\ 

7-« 
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hence the polar of any point on E is a tangent to L. That 
is, if a point move along Ey its polar will envelope L, In 
otlier words, L may be generated from E, aa E was from L 
In this consists the reciprocity of the curves. 

The process of generating E from X, or L from E^ is 
called reciprocating L or E, 

4. If the curve L be cut by any straight line whatever, 
the polars of the several points of intersection will be the 
several tangents to E^ drawn through the pole of the cutting 
line. And conversely, the several tangents drawn to L from 
any point will have for their poles the several points in which 
E is intersected by the polar of that point. 

If any two curves be reciprocated, the polar of any point 
common to both will be a common tangent to the reciprocal 
curves, and the pole of any tangent common to both will be 
a point of intersection of the reciprocal curves. Hence any 
two curves will have as many pomts of intersection as their 
reciprocals have common tangents, and as many common 
tangents as their reciprocals have points of intersection. 

If the curves touch one another, then two of their points 
of intersection coincide; and consequently the two corre- 
sponding tangents to the reciprocal curves will coincide, 
and therefore the reciprocal curves will also touch one an- 
other. 

5. From what has been said above, it will be seen 
that the total number of tangents, real or imaginary, which 
can be drawn to J? or i from any point (not on the curve 
itself) is equal to the total number o^ points, real or imagi- 
nary, in which -L or -E is cut by any straight line, not a tan- 
gent io it. 

A curve, to which n tangents can be drawn througt the 
same point, is said to be of the n^^ clasSy and we may therefore 
express the above proposition by saying that the aegree of a 
curve is the same as tne class of its reciprocal, and the class 
of a curve the same as the degree of its reciprocal. 



POLAB RECIPROCAL OP A CONIC. 101 

6. The number of tangents, real or imaginary, which 
can be drawn to a conic from a given point is known to be 
two. Hence, the reciprocal of a conic is intersected by a 
given straight line in two points, real or imaginary, and 
is therefore of the second degree, that is, it is itself a conic. 

7. This proposition may also be proved analytically 
as follows. 

Def. The conic with respect to which the poles and 
polars are taken is called the av^xiliary conic. 

We have seen (Art. 15, Chap, ii.) that any two conies 
may be expressed by equations involving the squares of the 
variables only. Let then the auxiliary conic be denoted by 

Lx' + M^ + Nr/=^0 (1), 

and the conic to be reciprocated by 

Jx'+w/3» + n7* = (2). 

If (f, Qy h) be any point on the required curve, its polar 
with respect to (1) will be given by the equation 

In order that this may touch (2) we must have (see Art. 
16, Chap. II.) 

U M^ AT* 

(3), regarding f^ g^h as current co-ordinates, is therefore the. 
reciprocal of (2) with respect to (1). 

Cor. It hence appears that the three points which form 
a conjugate triad for two given conies, will also form a con- 
jugate triad for the reciprocal of one with respect to the 
other. 

8. To find the polar reciprocal of the conic 

ux^+v^'\-wr/+ 2ufiy + 2t?'7a + 2wafi = 
toith respect to 
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Jrhe conic, a*+/8" + </=0, ia imaginary, but the analy- 
process of finding the pole of a given straight line, or 
the polar of a given point, may be e€[nall7 well performed, 
whether the anxiUair conic be imaginary or real, provided 
its coefficients be real.] 

I^t /, ^, A be any point on the reqaired locns, its pole 
with respect to the anzuiaiy conic is 

and in order that this may touch the given conic, we must 
have (Art. 4, Chap, iv.) 

0,/, ff, h =0, 

/, «, «>', v' 

g, VI, V, u' 

h, v', «', w 

or, {vw-u'*)f* + (wu-v'*)s^+{uv-io'*)^ 
+ 2 (vV - mm') ffh + i {w'u' - w') hf+ 2 {u'v' - ww')fg = 0, 
which, adopting the notation of Chap, iv., may be written 
Vf+V^+Wh* + 2U'gh + 2V'hf+2W'jg = 0. 

This is therefore the required equation. 
It may be proved, in a similar manner, that if 
^(a,i9,7)=0, ■^(«./9.7) = 

be the equations of any two conies, the equation of the red- 
procal ot the first with respect to the second is 



£^ 

da*' 

d^^ 



0, 

da' 

d^ 

dl8' d^da' 

df d*^ 



dyp' 

d'tl> 
da dp' 

d^' 
d*<}> 



df 
dy 

d*<l> 
dady 

d*^ 



dfidfi 
d'<f> 



dy' drfda' dydp' dr/ 



= 0. 
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9. Since the tangents at the extremity of any diame- 
ter of a conic are parallel to one another, it follows that 
the polar of the centre is at an infinite distance, and con- 
versely, that the line at infinity reciprocates into the centre 
of the auxiliary conic. Hence it follows that parallel lines 
reciprocate into points lying on a straight line passing through 
the centre of the auxiliary conic; and that the asymptotes 
of any curve, being the tangents drawn to it at the points 
where it meets the line at infinity, reciprocate into the points 
of contact of the tangents drawn to the reciprocal curve 
from the centre of the auxiliary conic. 

Since the asymptotes of an hyperbola are real, while those 
of an ellipse are imaginary, it follows that the tangents, drawn 
from the centre of the auxiliary conic (supposed real) to the 
reciprocal curve, will be real or imaginary, according as the ori- 
ginal curve is an hyperbola or an ellipse. If it be a parabola, 
the reciprocal curve will pass through the centre of tne conic, 
which is in accordance with what has already been stated, 
that every parabola touches the line at infinity. Conversely, 
if one conic be reciprocated with respect to another, the reci- 
procal curve will be an ellipse, parabola, or hyperbola, accord- 
ing as the centre of the auxiliary conic lies within, without, 
or upon, the original conic. 

10. We have now suflScient materials for transforming 
any proposition relating to the position of lines and points, 
without reference to considerations of magnitude, into an- 
other. Before proceeding further, we will give a few exam- 
ples of this process. 

We will first take the following proposition. " If two of 
the angular points of a triangle move each along a fixed 
straight line, and each side pass through a fixed point, the 
three points lying in the same straight line, the third angular 
point will move along a straight line, passing through the 
mtersection of the straight lines along which the other angu- 
lar points move." 

The reciprocals of the three sides of the given triangle 
will be three points, which mav be considered as the angles of 
a triangle, which may be called the reciprocal triangle. Those 
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of the angular points of the first triangle will be the sides of 
the reciprocal. Those of the fixed straight lines, along which 
two of the angular points of the first triangle move, will be 
fixed points through which two of the sides of the reciprocal 
triangle pass. Those of the three points, lying in the same 
straight line, through which the sides of the given triangle 
always pass, will be three straight lines, intersecting in a point, 
along which the angular points of the reciprocal triangle 
always move. Hence the aata of the reciprocal proposition 
will be " Two of the sides of a triangle pass each through a 
fixed point, and each angular point moves along a fixed 
straight line, the three straight lines passing through the 
same point." In the given theorem, the thing to beproved 
relates to the motion of the third angular point. To this 
will correspond the third side of the reciprocal triangle. To 
the straight line, passing through the intersection of the 
two given straight lines, along which the third angular point 
may be shewn to move, corresponds a point lying in the 
same straight line with the two given points, and through 
this the third side will always pass. Hence, under the cir- 
cumstances stated above as data of the reciprocal theorem, 
" the third side will pass through a fixed point lying in the 
straight line joining the two fixed points, through which the 
first sides pass*." 

* The given theorem may be expressed, by the aid of letters, as follows : 

Let PQR be the given triangle, and let its angular point Q move along 
a fixed straight line OX, its angular point R along a fixed straight line OT. 
Also, let the straight line QR always pass through a fixed point F, RP 
through a fixed point 0, PQ through a fixed point JET, the three points F, O, H 
lying in the same straight line. Then the given theorem tells us that the 
point P will always move along a fixed straight line, passing through 0, 

Now let the whole figure be reciprocated with respect to any conic section. 
Let the line which is the polar of any point be denoted by accenting the 
same tingU letter by which the point is denoted in the original figure ; the polar 
of P, for example, being denoted by P'. Then the j>otn< ofintenectian of the 
lines P', Q', will be denoted by the Pwo letters P*Q% and this will be the pole 
of the line PQ, We have then a triangle of which the sides are P', Q*, R*, 
the side Q' always passing through a fixed point O'X', the side R' through a 
fixed point' O' Y* Also the angular point Q,' R' always moves along a fixed 
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Again, turn to Example 4, onpage 57, and let us inves- 
tigate the reciprocal theorem. The three conies touching 
respectively each pair of the sides of a triangle at the angu- 
lar points where they meet the third side, will reciprocate 
into " three conies passing respectively through each pair of 
the angular points of a triangle, and touching the lines joining 
them with the third angular point," that is, the sides of the 
triangle themselves. This condition, therefore, reciprocates 
into itself. The condition "all intersecting in a point" 
reciprocates into " all touching a straight line." Hence the 
data are, " Three conies are drawn, touching respectively 
each pair of the angular points of the sides of a triangle at 
the points where they meet the third side, and all touching 
a straight line." 

In the matter to be proved, we may first enquire what are 
the reciprocals of " the sides of the triangle which intersect" 
(that is, which do not touch) " their respective conies." These 
will be " the angular points of the triangle not lying on their 
respective conies." The three tangents at their common 
point will reciprocate into " the three points of contact of 
their common tangents." And the meeting of the tangents 
with the sides will reciprocate into the lines joining the 
points of contact with the angular points. Hence the first 
thing to be proved is, " That the three straight lines joining 
the points of contact of the common tangent with the angu- 
lar points of the triangle not lying on the respective conies 
all pass through a point." 

Affain, "the other common tangents to each pair of 
conies^' reciprocate into " the other points of intersection of 
each pair of conies," and '* the sides of the triangle which 

straight line P*i the point Bf P' along a fixed straight line Q' , the point 
P' Q' along a fixed straight line W ^ the three straight lines W, Q\ W passing 
through the same point. Then the reciprocal theorem is that the side P' will 
always pass through a fixed point lying in the line Q'. 

The student will find the above mode of transformation^ in which a 
straight line is denoted by a single letter, and a point by the pair of letters 
representing any two straight lines which intersect in it, a useful mode of 
faniiliarizing himself with the method of reciprocal polars. 
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toach the several pairs of conies** into the angular points of 
the triangle '' common to the several pairs of conies. Hence 
the latter part of the theorem will run: ^' And that the same 
three straight lines respectively Join the other point of inter* 
section of each pair of conies with the angular point of the 
triangle common to each pair/' 

11. After a little practice, the process of reciprocating 
a given theorem will be found to consist simplj in writing 
" straight line" for "point," "join" for "intersect," " locus" 
for "envelope," &c., and vice versd. The word "conic" 
will of course remain unaltered. 

12. BrianchorCa Theorem. 

By reciprocating Pascal's Theorem (given in Art. 12, 
Chap. III.), we obtain Brianchon's Theorem, which asserts 
that 

"K a hexagon be described about a conic section, the 
three diagonals will intersect in a*point." 

The student will find it useful to transform, by the 
method of reciprocal polars, the special cases of Pascal's 
Theorem, given in Art. 13, Chap, ill.; and to obtain a geo- 
metrical construction by which when jive tangents to a conk 
are given^ their points of contact may be found. 

13. The anharmonic ratio of the pencil formed by four 
intersecting straight lines is the same as that of the range 
formed by their poles. This may be proved as follows. 

Let OP, OQ, OR, 08 be the four straight lines, P', Q\ 
B\ 8' their poles, which will lie in a straight line, the polar 
of ; let P, Qj J?, 8 be the points in which the pencil is 
cut by the transversal FQE8'. 

Let this transversal cut the conic in K^^ K^. Bisect 
K^ K^ in V. Then, since PK^ PK^ is divided harmonically 
in P, Z;, P, K^ (Art. 21, Chap, il.), it follows that 

PK,.FK^^PK^.PK,, 
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Fig. i8. 

whence 

{VP^ VK,) (FZ;+ VF) = {VP+ VK^ (JK, - KP), 

which, Bince VK^ = FK,, reduces to 

VP.VP=VK^, 

which, by similar reasoning, 

= VQ.VQ^VR.VR^VS.VS'. 

Hence the eight noints P, Q^ -B, 8^ jP, Q^ E^ 8* are in an 
involution, of which J^, K^ are the foci, and therefore 
(Art. 26, Chap. I.) 

{O.PQR8\^[FQE8']. 

14. In Art. 13, Chap. i. we saw that the condition that 
the three points (?-, m^, nj, (?„ wi,, n,), (?3, w,, w,) shall lie 
in the same straight Une is identical with. the condition that 
the three straight lines (?,,»»„ wj, (Z„ w„ wj, {l^,m^,n^ 
shall intersect in the same point. Now these several points 
and lines are respectively the poles and polars of each other, 
with respect to the imaginary conic 

a* + /8' + 7* = 0. 
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Thus the theoiy of reciprocal polars explains the fact 

it the condition for three points Ivinff in a straight line 

is identical with that for three straight lines intersecting in 



a point. It also explains the identity of conditions noticed 
in Chap. ii. Arts. 7 and 9. 

For the reciprocal of the conic 
XV+ At'/8'+ i^y- 2/«;/37 - 2v\ya'-2\fioifi = (1), 

with respect to 

a* + /8' + 7* = 0, 

will be found to be 

'Kfiy + fj/Ya + vafi^O (2). 

And the pole of (/, ffy h)iQfx + gfi + hy=^ 0. 

Hence if the ]ine jfa-{-gfi + hy = touch (1), the pomt 
{/, ff, h) lies in (2), giving wr the condition of tangencj 

f 9 ^ 

And if the line jfe + fl'^ + A7 = touch (2), the point 
\ g, h) lies in (2), giving for the condition of tangency in 
at case 

xy" + fiY + i^h* - ^fivgh - ^vkkf- 2\[ifg = 0. 

These conditions of tangency are identical with those 
abeady investigated. 

Again, every parabola touches the line at infinity. Now 
the co-ordinates of the pole of this line are proportional to 
a, by c. Hence, if the conic, represented by the general 
equation of the second degree, be a parabola, the point 
(a, J, c) must lie in the reciprocal conic. This gives, as the 
condition for a parabola, 

Z7a»+7J«+Fb» + 2Z7'Jc + 2F'ca + 2Pr'aJ = 0, 
the same as that already investigated. 



I^a 
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15. We next proceed to consider the results to be de- 
duced from the theory of reciprocal polars, when the auxiliary 
conic is a circle. It is here that the utility of the theory is 
most apparent, as we are thus enabled to transform theorems 
relating to the magnitudes of lines and angles. 

We know that, if PQ be the polar of a point T with 
respect to a circle, of which the centre is 8 and radius i, 
then STYnW be perpendicular to PQ. Let /ST cut PQ in V. 
Then 

8T.8V^k\ 

Hence the pole of any line is at a distance from the 
centre of the auxiliary circle inversely proportional to the 
distance of the line. And conversely, the polar of any point 
is at a distance from the centre of the auxiliary circle, in- 
versely proportional to the distance of the point itself. 

16. If TX^ TY be any two indefinite straight lines, 
P, Q their poles, then, since 8P is perpendicular to 2TZ, 8Q 
to TY^ it follows that the angle P8Q is equal to the angle 
XTY or its supplement, as the case may be. Hence, the 
angle included between any two straight lines is equal to 
the angle subtended at the centre of the auxiliary circle by 
the straight line joining their poles, or to its supplement. 

17. From what has been said in Art. 15, and the earlier 
articles of this chapter, it will appear that to find the polar 
reciprocal of a given curve with respect to a circle, we may 
proceed by either of the following two methods. 

First. Draw a tangent to the curve, and from 8^ the 
centre of the auxiliary circle, draw 8Y perpendicular to the 
tangent, and on 8Y^ produced if necessary, take a point Q^ 
such that 8Q . 8Y= Ar. The locus of Q will be the required 
polar reciprocal. 

8econdly. Take a point P on the curve, and join 8P\ on 
8P^ produced if necessary, take a point Z^ such that 

BP.8Z^1(?. 

Through Z draw a straight line perpendicular to 8P. The 
envelope of this line will be the required polar reciprocaL 
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18. To Jlnd the polar reciprocal of one circle with re- 
spect to another. 

From what has already been shewn, we know that this 
will be a conic; we have now to investigate its form and 
position. 




Fig. 19- 



Let 8 be the centre of the auxiliary circle, 8 its centre, 
h its radius, MPM' the circle to be reciprocated, its centre, 
MM' its diameter passing through 8^ p its radius. 

Through 8 draw any straight line cutting MPM' in P 
and Q. 

On 8PQ^ produced if necessary, take two points Y and 
Zy such that 

8P.8Y^8Q.8Z^V. 

The straight lines drawn through I^ and Z perpendicular to 
8P will be tangents to the reciprocal conic. 
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Now 8Y.8Z=^^ = ^, 

which is constant. Hence, the reciprocal is a conic of such 
a nature that the rectangle under the distances from ;8^ of any 
two parallel tangents is constant. It is therefore a conic, of 

which /S is a focus, and of which the axis-minor is r • 

It will be an ellipse, parabola, or hyperbola, accordmg as p 
is greater than, equal to, or less than c, that is, accor£ng as 
the centre of the auxiliary circle lies within, without, or upon, 
that to be reciprocated. This agrees with what has been 
already shewn. Art. 9. 

Let 2a, 2&, be the axes of the conic, 2l its latus-rectum« 
e its eccentricity. 

To determine their magnitudes, we proceed as follows. 
The axis-major will be in the direction bO. Let -4, A' be 
its extremities. 

^ 2_ 1 . 1 SM+SM' _2p 

Hence, Z= — , or the latus-rectum is inversely propor- 
tional to the radius of the circle. 

Again, 
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Thus the eccentricity varies directly as the distance 
between the centres of the circles, and inversely as the radius 
of that to be reciprocated. 

If rf be the distance from 8 of the corresponding directrix, 

e p c c 

or, the directrix is the polar of the centre of the circle 
MPM\ 

If 8 lie without the circle MPM\ the angle between the 
asymptotes of the reciprocal hyperbola will be the supple- 
ment of that between the tangents drawn from 8 to the circle 
MPM\ (See Art. 9 of this Chapter.) 

19. It will be observed that the magnitude of the radius 
of the auxiliary circle affects the absolute, but not the rela- 
tive, magnitudes, or positions of the various lines in the reci- 
procal figure. As our theorems are, for the most part, inde- 
pendent of absolute magnitude, we may generally drop all 
consideration of the radius of the auxiliary circle, and con- 
sider its centre only. We may then speak of reciprocating 
"with respect to jS," instead of "with respect to a circle 
of which 8 is the centre.'* 

20. We have now the means of obtaining, from any 
property of a circle, a focal property of a conic section. 
Pafce, K)r example, Euc. ill. 21. This may be expressed as 
follows : "If three points be taken on the circumference of a 
circle, two fixed. and the third moveable, the straight lines 
joining the moveable point with the two fixed points, make 
a constant angle with one another." This will be recipro- 
cated into " If three tangents be drawn to a conic section, 
two fixed and the third moveable, the portion of the move- 
able tangent intercepted between the two fixed ones, subtends 
a constant angle at the focus." This angle will be found, 
by reciprocating Euc. ill. 20, to be one-half of the angle sub- 
tended at the focus by the portion of the corresponding 
directrix intercepted between the twp fixed tangents. 
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Again, it is easy to see that " if a circle be described 
touching two concentric circles, its radius will be equal to 
half the sum, or half the difference, of the radii of the given 
circles, and the locus of its centre will be a circle, concen- 
tric with the other two, and of which the radius is half the 
difference, or half the sum, of the radii of the two given 
circles." 

Hence we deduce the following theorem. " If two conies 

have a common focus and directrix, and their latera-recta be 

2ly 2l', and another conic, having the same focus, be described 

All' 
so as to touch both of them, its latus-rectum will be -^ — j, , 

and the envelope of its directrix will be a conic, having the 
same focus and directrix as the given conies, and of which 

the latus-rectum is •p=^ •'' 

Again, take the ordinary definition .of an ellipse, that it 
is the locus of a point, the sum of the distances of which 
from two fixed points is constant. This is equivalent to 
" the sum of the distances from either focus, of the points of 
contact of two parallel tangents, is constant." 

The reciprocal theorem will be, " If a system of chords 
be drawn to a circle, passing through a given point,, and, at 
the extremities of any chord, a pair of tangents be drawn to 
the circle, the sum of the reclprpcals of the distances of 
these tangents from the fixed point is constant." 

The known property of a circle that " two tangents make 
equal angles with their chord of contact" will be found, when 
transformed by the method now explained, to be equivalent 
to the theorem that "if two tangents be drawn to a conic 
from an external point, the portions of these tangents, inter- 
cepted between that point and their points of contact, subtend 
equal angles at the focus." 

21. Two points, on a curve and its reciprocal, are said 
to correspond to one another when the tangent at either point 
is the polar of the other point. Two tangents are said to 

F. 8 
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correspond when the point of contact of either is the pole of 
the otner. 

The angle between the radius vector of any point (drawn 
from the centre of the auxiliary circle), and the tangent at 




Fig. 20. 

that point, is equal to the angle between the radius vector of, 
and tangent at, the corresponding point of the reciprocal 
curve. 

For, if P be the given point, PF the tangent at P, and S 
the centre of the auxiliary circle, and SYhe perpendicular to 
PY; and if P' be the pole of PF, and FY' the polar of P, 
then P' will lie on 8Y^ produced if necessary ; and if SY' be 
perpendicular to P'Y\ SY' will pass through P. Hence, 
since SP, PY^ are respectively perpendicular to P' F, iSP', 
it foUows that the angle ;8PF is equal to the angle 8P' Y'. 

22. We have investigated (Art. 10, Chap, iv.) the equa- 
tion of the two tangents drawn to a conic from any given 
point (^ ff^ h). If in the right-hand member of that equa- 
tion we substitute for 0, (o(aa + b^ + cryy, © being an arbi- 
trary constant, we shall obtain the general equation of all 
comes of which these lines are asymptotes. Now, since the 
asymptotes of the reciprocal conic with respect to {f^gyh), 
are respectively at right angles to the two tangents drawn 
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from (/, a, A), it follows that the family of conies thus ob- 
tained will be similar in form to the reciprocal conic. We 
may hence obtain equations for determining the foci of the 
conic represented by the general equation of the second de- 
gree, r or since the reciprocal of a conic with respect to a 
focus is a circle, it will follow from the above reasoning that 
the family of conies obtained as above must, if {f, g, n) be a 
focus, be circles also. Applying the conditions for a circle 
investigated in Art. 14, Chap, iv., it will be found that the 
terms involving a disappear of themselves, and our condi- 
tions assume the form 

{Xm+ Wf-2V'hf) 0*+ {yf+ Ug*-2W'fg)V' 

+ i{U'f+Ugh- W'hf- Vfg) he 

= {Vf+ Uf-lWfg) a»+ {Wg'+ Vh'-2U'gh)d' 

+ 2 (r/+ Vhf- U'fg - Wgh) ca 

= iWg'+ W-iZTgh) J'+ {Uh' + Wf - 2V'hf) o« 

+ 2 {WV + Wfg - V'gh - Vhf) ab, 
or 

( W+ W^+ 2 U'hc)f-2 ( rc+ Wb)f{hg+ch)+ U{lg + chy 

= ( W<?-^ Ua'+ 2 Tea) /- 2 ( PTa + ITe) g {ch+af)+V(ch + a/)' 

= ( J7a»+ FJ*+ 2 WcA) h"- 2iU'h + V'a) h (o/+ hg) + W{af+bg)\ 

equations which, since af-\- 'bg-\-<Ji = 2A, may also be written 
under the form 

{Uc?+ Vb*+ W(^ + 2U'bc + 2V'ca + 2W'ab)f 

+ 4A ( V'c +Wh- Ua)f+ 4 U. A« 

= {Ua*+ Vb*+ W<? + '2Vbc + 2rca + 2Wab)g' 

+ 4A{Wa+U'c-Vb)g + 4:V.A' 

= ( ?7a^ + FS' + Fb' + 2 U'be + 2 F'co + 2 W'abW 

+ 4A {Ub+Va- Wc)h + iW.A\ 

8—2 
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Th6 equations, together with 

determine the co-ordinates of the foci. It will be seen that 
they give four values oifi g^ A, two of which are real, two 
imaginary. 

If the conic be a parabola, then, applying the condition of 
Art. 6, Chap, vi*, these equations reduce to 

(rc+Trj-.Z7a)/+CrA=(Fra+j;'c- F&)^+ FA 

= {irb + Va-Wc)h+WA, 

which give the focus in that case. 



Examples. 

1. Having given a focus and two points of a conic section, 
prove that the locus of the point of intersection of the tangents at 
these points will be two straight lines, passing through the focus, 
and at right angles to each other. 

2. Prove that four conies can be described with a given focus 
and passing through three given points, and that the latus-rectum 
of one of these is equal to the sum of the latera-recta of the other 
three. 

3. On a fixed tangent to a conic are taken a fixed point Ay 
and two moveable points P, Q, such that AP, AQy subtend equal 
angles at a fixed point 0, From P, Q are drawn two other tan- 
gents to the conic, prove that the locus of their point of inter- 
section is a straight line. 

4. Two variable tangents are drawn to a conic section so that 
the portion of a fixed tangent, intercepted between them, subtends 
a right angle at a fixed point. Prove that the locus of the point 
of intersection of the variable tangents is a straight lina 

If the fixed point be a focus^ the locus will be the correspond- 
ing directrix. 
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5. Chords are drawn to a conic, subtending a right angle 
at a fixed point; prove that they all touch a conic> of which that 
point is a focus. 

6. Three given straight lines BC^ GA^ ABy ar^ intersected by- 
two other given straight lines in A^ -4^; B^^ B^\ G^, G^ respectively. 
Prove that a conic can be described touching the six straight lines 
AA^, AA^, BB^, BB^, GG,, W^ 

7. Ay B, Gj S, are four fixed points, SD is drawn perpendicular 
to SA, intersecting BG in D, SE perpendicular to SB, intersecting 
CA in Ey &^ perpendicular to SG^ intersecting AB in F, Prove 
that Dy Ey F lie in the same straight line. 

Prove also that the four conies which have S asa, focus, and 
which touch the three sides of the several triangles ABGy AEF, 
BFDy GJDEy have their latera-recta equal, 

8. Two conies are described with a common focus and their 
corresponding directrices fixed; prove that, if the sum of the re- 
ciprocals of their latera-recta be constant, their common tangents 
will touch a conic section. 

9. A conic is described touching three given straight lines 
BCy CAy ABy so that the pair of tangents drawn to it from a given 
point Oy are at right angles to each other. Prove that it will 
always touch another fibbed straight line; and that, if this straight 
line cut BG, GA, AB in D, Ey F respectively, each of the angles 
AODy BOEy GOF is a right angle. 

Prove also that the polar of with respect to this conic will 
always touch a conic^ of which is a focus. 

10. OA, OB, are the common tangents to two conies having a 
common focus Sy GA, GB are tangents at one of their points of in- 
tersection, BBy AE tangents intersecting GAy GB in D, E. Prove 
that Sy DyEUeia the same straight line. 

11. Any triangle is described, self-conjugate with regard to a 
given conic; prove that, if a conic be described, touching the sides 
of this triangle, and having the centre of the given conic as a 
focus, its axis-minor will be constant. 

12. Prove that two ellipses which have a common focus, can* 
not intersect in more than two points. 
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23. Interesting results may sometimes be obtained hy a 
double application of the method of reciprocal polars. Thus, 
Euc. III. 21 may be expressed under the form, " If a chord 
be drawn to a circle, subtending a constant angle at a fixed 
point on its circumference, it always touches a concentric 
circle." Reciprocating this theorem with respect to O, we 
get " If two tangents be drawn to a parabola, containing a 
constant angle, the locus of their point of intersection will be 
a conic, having a focus and directrix in common with the 
given parabola. ' Reciprocate this, with respect to any paint 
whatever^ and we get " If a chord be drawn to a conic, sub- 
tending a constant angle at a given point in the curve, it 
alwavs touches a conic having double contact with the given 
one.' 

The forms which these theorems assume, when the con- 
stant angle is a right angle, are worthy of notice. 
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CHAPTER' Vn. 

TANGENTIAL CO-OEDINATES. 

1. In the systems of co-ordinates with which we have 
hitherto been concerned, we have considered a point as deter- 
mined, directly or indirectly, by means of its distances from 
three given straight lines ; and we have regarded a curve as 
the aggregation of all points, the co-ordinates of which satisfy 
a certain equation. It is equally possible, however, to con- 
sider a straight line as determined by means of its distances 
from three points, which distances may be termed its co- 
ordinates; and to regard a curve as the envelope of all 
straight lines, the co-ordinates of which satisfy a certain equa- 
tion. 

This system is closely connected with the theory of reciprocal 
polars. In fe,ct, it may be looked upon as a means of so inter- 
preting equations as at once to obtain the results which the 
method of reciprocal polars would deduce from the ordinary me- 
thod of interpretation. 

We may then define the co-ordinates of a straight line 
to be the perpendiculars let fall upon it from three given 
points -4, ^y C. The lengths of these perpendiculars we will 
denote by the letters p, j, r, respectively, the lengths BG, CAy 
AB being represented as before by the letters a, J, c, and the 
angles of the triangle of reference ABG being denoted by 
Ay By Gy aud its area by A. 

2. Any two co-ordinates, q and r for example,, will be 
considered to have contrary signs if the. line of which they 
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Bte the co-ordinatea cuts the line BG in a point lying between 
B and C, otherwise to have the same sign. Thus, the in- 
ternal bisector of the angle A has its co-ordinates of contraiy 
signs, the external bisector of the same sign. The sign of 
J) relatively to q and r will be determined in the same 
manner. 

K 2) be any point on the line BC^ q, r, the co-ordinates of 
any line passing through it, and BD^a^, CD = a„ distances 
measured along the line BG from B to G being considered 
positive, and ifrom G to J? negative, it will readily be seen that 

? — r 
a a* 

Since this Is a relation between the co-ordinates of any line 
passing through the point 2), it may be considered as the 
eqtmtion of the point A 

K i> be the middle point of -BO, o^ = — a^, hence it 
appears that the middle points of the sides of the triangle of 
reference are represented by the equations, 

It may also be proved that the points where the internal 
bisectors of the angles meet the opposite sides, are repre- 
sented by 

bq + cr = 0, cr + ap=»0, ap+hq = 0. 

The points where the external bisectors of the angles meet 
the opposite sides, by 

Jj — cr=0, cr — ap = 0, op — S2'=0. 

The feet of the perpendiculars from the angular points on 
the opposite sides, by 

jtaujB + rtan (7=0, rtan (7+j?tan-4 = 0, 

^tan^ +2 tan 5=0. 

The points of contact of the inscribed circle, by 

8—0 s — c 8 — c s — a s — a s-^b 

where 2s = a + i + c. 



EQUATION OF A POINT. 



121 



3. We shall next prove the following proposition ; that 
if O be any given point within the triangle ABG^ then the 
co-ordinates p, y, r (their signs being taken in the manner 
already explained) of any straight line passing through it, 
will be connected by the following equation, 




r 



Fig. 21. 

Let the angle AOP=0; then, considering jp as negative, 
and q and r as positive, 

sin^ = ^^, 

/ 

fiin((70-4-7r + ^)=^, 

or Bm{GOA + 0)^--^. 

These equations may be written 
^ + -40sin^ =0, 

q + BOcoQAOB.Bm0-BO8mAOB.co& ^ = 0, 

r + 00 cos GOA . sin ^ + GO sin GOA cos ^ = 0. 
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Hence, eliminating smO and cosd, 
"p.BO. CO&mBOC- q. CO.AO sin COA 

''r.AO.BOBiaAOB=0, 
whence 

ABOG.p + ACOA.q+AAOB.r==0. 

This equation maj be regarded as the equation of the 
point 0. 

A similar equation may be proved to hold for any point 
without the triangle, BOG being considered negative, if A 
and be on opposite sides of BG. 

The following are the equations of some important points 
connected with the triangle of reference: 

Centre of gravity, p +q-\-r=0. 

Centre of circumscribing circle, j? sin2-4 + jsin25+r sin2 C= 0. 

Centre of inscribed circle, ap + bq + cr = 0. 

Centres of escribed circles, 

— ap + 6j + cr =0, 
ap'-hq'{^cr = 0, 
ap + bq — cr^O. 
Intersection of perpendiculars, 

p tan A + q tan B + r tan (7= 0. 

4. We proceed to investigate the identical relation which 
holds between the co-ordinates of any straight line. 

Let any straight line cut the sides ABy AG of the triangle 
of reference in 2), E. From A, B, G let fall J.P, BQ, GR, 
perpendiculars on the line, then BQ^q, GB = r, AP=^—p, 

Through A draw QE parallel to DE, and produce BQ, 
GRy to meet it in Qy B!. 
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Fig. 23. 

Then BQ'^q-p, CR'^r^p, 

and sin(2'u45=2Jl£ smJB'^0=^, and BAC^A. 
c 

Also gAB + B'AG+BAG^ir. 

Hence cos QABqq^EA (7— sin QABmi EA (7=— cos-4 , 

or cos QAB co^BA g = ^ "P^^^"* ^^^ - cos^ (1). 

Again, - cos QfAB= cos (5^4 (7 + RA G) 

s= COB A. co&B' AG T-^sin J. \...(2) 

— cosB!AG^ cos u4. cos Q'AB-^^^&iaA (3). 

Hence, by (2) and (3), 

sin -4 .cos Q'AB = ~- + - — ^ cos -4, 

sin A . cos BfAG== -3—^+ — ^^ cos -4 ; 
c b ' 
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whence, by (1), 

or {lIlE^^i^^^^ 

I or a^ {jp--q){p-r) -^V {i]^-r){^'-p) + ^ {r -p){r - q)^AA\ 

This is the relation between the co-ordinates of anj line 
whatever. 

Cor. Since the line at infinity may be considered as 
equidistant from Ay By and (7, it will be represented by the 
equations p=:q = r, 

5. An equation of a degree, higher than the first, may be 
regarded as representing the curve which is touched by all 
the straight lines, the co-ordinates of which satisfy the equa- 
tion of the curve. Adopting this mode of interpretation, the 
values of the ratios p : q : r which simultaneously satisfy 
two given equations will be the co-ordinates of the common 
tangents to the two curves represented by these equations, 
and the values obtained by combining any given equation 
with an equation of the first degree, will represent all the 
straight lines which pass through the point represented by 
the equation of the first degree, and which touch the curve. 
From this it follows, that an equation of the w"* degree will 
represent a curve such that n tangents, real or imaginary, can 
be drawn to it from any point, that is, a curve of the n^ 
class. 

It will hence follow that every equation of the second 
de^ee represents a conic. We may proceed to consider some 
of its more interesting special forms. 
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6. To Jlnd the eqiMtton of a conic which touches the three 
sides of the triangle preference. 

The co-ordinates of the sides of the triangle of reference 
are 

j=0, r^OiotBG, 

r = 0, jp = for GA, 

^j, = 0, gr=sO for AB. 

Hence, the equation of the required conic must be satis- 
fied whenever two out of the three co-ordinates j?, j, r are = 0. 
It must therefore be of the form 

Lqr + Mrp + Npq^ = 0, 
The equations of the points of contact are 

These may be established as follows: If in the given 
equation we make Mr + Nq = 0, we obtain either j = 0, or 
7- = 0. It hence appears that the tangents drawn through 
the point Jifr +^2 = 0, pass either through the point ^ = 0, 
or through the point r = 0. But the three points 

Mr + Nq = (iy 2 = 0, r = 0, 

lie in the same straight line ; hence the tangents drawn from 
Mr 4- Nq = coincide^ that is, it is the point of contact of the 
tangent for which 2^ = r=0. Similarly for the other two 
points of contact. 

It will hence appear, by reference to the equations of the 
points of contact of the inscribed circle, given in Art. 2, that 
that circle is represented by the equations 

(« — a) jr + (« — J) rp + (« — c)pq = 0. 
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The escribed circles will be represented as follows: 

{s—c) qr — 8rp+{s — a)pq = 0, 
{8 — b)qr + {s'-a)rp — spq = 0. 

7. To find the eqiuition of a conic circumscribed about 
the triangle of reference. 

The equations of the angular points of the triangle of 
reference are jt? = 0, 2 = 0, r = 0. If ow, since each of these 
points lies on the curve, the two tangent^^^df^wn through any 
one of them must coincide, hence when any one of these 
quantities is put=0, the remaining equation must have two 
equal roots. The required equation will therefore be of tie 
form 

Ly + MY + ^V* - 2MNqr - 2NLrp - 2LMpq = 0. 

The co-ordinates of the several tangents at the angular points 
will be given by the equations 

^ = 0, Mq-Nr=0, 

2 = 0, ^r - ip = 0, 

r = 0, Lp -Mq = 0. 

If the conic be a circle, the tangent at A will be deter- 
mined by the equations 

^"^' csinO^Jsin^' 
which last is equivalent to b\ — cV = 0. 

Similar equations holding for the other two tangents, the 
equation of the circumscribing circle will be 

a*/ + 5Y + cV - 2 JVjr - 2c^a^rp - 2a^Vpq = 0, 

which may be reduced to 

±ap^±b^±cr^^O, 

f 

I 
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8. By investigations similar to those in Chap. iv. Art. 8, 
it may be shewn that the equation of the pole of the line 
(y, g^ Jh) with respect to the conic 



^ (i^> ?> **) = ^-P' + t?g^ + wr^ + 'lilqr + 2t?'rp + ^w'pq^ = 0, 
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{uf-\- wg + vh) p + {wf^ vg + u'h) q + (t?'/+ u'g + i^A) r = 0. 

^ow, the centre is the pole of the line at infinity, which is 
given by the equations p = q=r. 

The equation of the centre is therefore 

{u + v + w) jp + («^' + 1? + *«?')? + (^' + ^' + ^) ^ = ^* 

If the conic be a parabola, it touches the line at infinity ; 
tbe condition that it should be a parabola is therefore 

w + 1; + «^ + 2i*' + 2t?' + 2t^' = 0, 

9. The two points in which the conic is cut by the line 
{fi 9y ^) ^® represented by the equation 

4*(/.^,*)*(,>,,,.)-(y| + 4+.f)'-0. 

(See Chap. iv. Art. 10.) 

Hence, the two points in which it is cut by the line at 
infinity are given by 

4 {u-\-v+w-\'2u'\-2v-^2w) {up^+vq%W7^+2u'qr-\'2vrp ■\-2w'j>q) 

--{{u+v+w)p'\'{u+V'\'w')q+{u''\'v'+w)rY=0. 

Hence may be deduced the equation of the two points at 
infinity through which all circles pass. For these are the 
same for all circles. Now, for the inscribed circle they are 
obtained by putting 

t^ = t? = t^ = 0, 2m' = s — a, 2v =8^b, 2vi = ^ — c. 

The equation then becomes 

4« { («— a) jr + (5 — J) 7y + (« — c) pj} — («p + Jg^ + crf^- 0, 

or a^p^-\-}?(f'{'&'ii^—2})cqrQ^%A — 2carp Q,o%B—2dhpqQ,o^ C— 0, 
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which may also be written 

the equation of the two circular points at infinity. 

10. Every circle may therefore be represented by the 
equation 

— {Jp+mq + nrf-O, 
where ^ + wig^ + wr ^ is the equation of the centre. 

Hence may also be deduced the conditions that the equation 

uj^ + v^ + vyi^ + 2uqT + 2i?'rp + 2w'pq =t 

may represent a circle. For, comparing this equation with 
that just obtained, we get 

U V w 

*" 2w' 2©' ■" 2w* 

Putting each member of these equations = ^, they may be 

written 

bccosA +uJe=='-mnf ca tioa B + vJc = — nl, 
ab cos C+ w'h = — Im, 
These equations give 

(J2 - vh) [c^ - v>k) = (Jc cos A + u'hy, 
or (t;w?-w'^A*-- (vc*+i^5' + 2w'Jccos^)^ + iVsin*^ = 0, 

Again, we get 
(a^—uh) {be cos A + uk) + {ca cos 5 + v'h) {ah cos (7+ «(?'&) =0, 
or {v'w''-uu)J(?+ [a{au'+ bcosCv' + ccosB.w')—bcco&A.u} k 

— a'Jc sin jBsin (7=0. 



EXAMPLES, 129 

Now, since J V sin* A = cfhc sin -B sin (7 == (2 A)', these eqna* 
tions may be written under the form 

(vM7 -u^V" [v(? + wV + 2ubc cos A)k + 4A' = 0, 

{vw-uu)l^'\- {a (aw'+Jvcos (7+cm7'cos5)- Jccos^'.m} A:+4A"=0; 
Combining these with the four similar equations, we get 

{wu — v'* + tit? — z(?" — 2 {v'w — uu')] h 

- {u (&' + c" - 2J{5 COS ^) + t;a'+ t^a" + 2aV 

4 2ct7' (c COS 5 + J cos C) + 2aw {b cos G+c cos B)} = 0, 

t(7t^ — y'' 4- m? — tg"* — 2 {v'w' — tiu^) _ , 

^^ (ti + t? + t^ + 2tt +2t;' + 2t(7')a* "" 

Two other corresponding expressions may of course be 
obtained for k, and the required condition is therefore 

to7i — v *+ uv — t^?"— 2 {v'w^ uu) ^uv—w'*'^vw—u'* — 2 [wu — vv') 
vw — u'^ -^vm — v* — ^ {u'v' — ww') 



Examples. 

1. A parabola is described about a triangle so that the taur 
gent atone angular point is paiallel to the opposite side; shew that 
the square roots of the perpendiculai-s on any tangent to the curve 
are in arithmetical progression. 

2. A conic is circumscribed about a triangle such that the 
tangent at each angular point is parallel to the opposite side; shew 
that^ if jp, g, r be the perpendiculars from the angular points on any 
tangent, 

* j?4 jb 5-4 afc ri = 0. 

3. Shew that the equation of the centre of this conic is 

p + q + r = 0. 
r. 9 
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4. Gonics are drawn each touching two sides of a triangle at 
the angular points and intersecting in a point ; prove that the inter- 
sections of the tangents at this common point with the sides cuttiDg 
their respective conies lie on one straight line^ and that the common 
tangents to the conies intersect the sides in the same three points. 

6. A system of hyperbolas is described about a given tri- 
angle ; prove that, if one of the asymptotes always pass through 
a fixed point, the other will always touch a fixed conic, to which 
the three sides of the triangle are tangents. 

6. A parabola touches one side of a triangle in its middle 
point, and the other two sides produced ; prove that the perpen- 
diculars, drawn from the angular points of the triangle upon any 
tangent to the parabola, are in harmonical progression. 

11. There is another system of Tangential Co-ordinates, 
which bears a close analogy to the ordinary Cartesian system. 
If a:, y be the Cartesian co-ordinates of a point, referred to two 
rectangular axes, then the intercepts on these axes of the ^lar 
of the point, with respect to a circle whose centre is the origin, 

and radius h, will be — , — respectively. These intercepts 
X y 

completely determine the position of the line, and their rect- 

vrocaU may be taken as its co-ordinates, and denoted by the 

letters f , 17. 

12. In this system, eveiy equation of the first degree 
represents a point. 

Let af-{-5i;=l 

be an equation of the first degree. 

Draw the straight lines OX, OF at right angles to one 
another ; on OX take the point A^ such that OA = a, and on 
OY take the point B, such that OB = h. Draw AP, BP 
perpendicular to OX, OY respectively, meeting in P. 

Then, the equation 
shall represent the point P. 



TANaENTIAL BECTANGULAB OO-OEDINATES, 131 




Fig. «3. 



Through P draw any straight line, meethig OX, OF in 
ff, K, respectiyely. Tlien, if f , iy be the co-ordinates of 
this line) 



OS ^' 



OK 



= 17. 



^ ^ OA KP 

Hence "'^'^OS'^m^ 

r_OB_HP 

^"OK^EK' 

a relation which is satisfied by the co-ordinates of every line 
passing through the point P. This equation therefore repre- 
sents the point P. 



13. In this system, as in that described in the former part 
of the present chapter, an equation represents the curve, the 

9—2 
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co-ordinates of whose tangents satisfy it, and an equation of 
the n^ degree will therefore represent a curve of the n^ class. 

14. If the perpendicular OQ let fall from O on the 
straight line HK (fig. 23) be denoted by ^, and the angle 
QOX by ^, we shall have 

«, cos d> sin d> 

and a point will then be represented by the equation 
a cos ^ + J sin ^ =/? ; 

an equation which, if a^ + b^ be put = c', and - =tana, 
becomes ^ = c cos (^ — a)* 

We thus obtain a method of representing curves by a 
relation between the perpendicular from a fixed point on the 
taneent and the inclination of that perpendicular to a fixed 
straight line. These may be called the tangential polar co- 
ordinates of the curve. This method will be found discussed 
in the Quarterly Journal of Pure and Applied Mathematics, 
Vol. I. p. 210. 



Examples. 

1. Prove that the distance between the points 0^+617= 1, 
a'f + 6'i7 = l, is {(a'-a)" + (6'-6)"}*. 

2. Prove that the cosine of the angle between the lines (^, rj), 

^^''^ (i'+v')*(r+v")** 

3. Tfxrve that the distance from the point (af + 6iy = 1) to the 
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4. Prove that the equation ^" + 1;* + 2Pi 4- 2Qrj + ^ = 0, repre- 
sents a conic^ of which the focus is the origin. 

What are the co-ordinates of its directrix ? What is its eccen- 
tricity, and what its latus-rectum ) 

5. Prove that the equation p-a + ccos^ represents a 
circle ; and determine the ludius of the circle. 

6. Prove that the evolute of the ellipse a'f ' + i V = J is 
represented by the equation 
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CHAPTER Vin. 

ON THE INTERSECTION OF CONICS, ON PROJECTIONS, AND ON 
THE DETERMINATION OF A CONIC FROM FIVE GIVEN 
GEOMETRICAL CONDITIONS. 

1, We shall here say a few words on the subject of the 
intersection of two conies, as an acquaintance with this branch 
of the subject will be useful in future investigations. 

Since every conic is represented by an equation of the 
second degree, it follows that anv two conies intersect in four 
points, which may be (I) all real, (2) two real and two ima- 
ginary, or (3) all imaginary. 

2, Through these four points of intersection three pairs 
of straight lines can be drawn. If the four points be called 
P, Q, B, 8, the pairs of straight lines will be PQ and BS, 
PR and Q8, P8 and QR. If PQ and JJyS' intersect in X, 
PR and Q8 in M, P8 and QR in JV, the points L, M, N are 
called (see Art. 15, Chap, ii.) the vertices of the quadrangle 
PQR8. Also the three points L, M, N will form, with 
respect to every conic passing through the points P, Q^ R^ By 
a conjugate tnad ; and therefore, each of them will have the 
same polar with respect to all such conies. 

3, The equations of the pairs of lines PQ^ R8, &c. (the 
sides and diagonals of the quadrangle) may be found as 
follows. Let the equations of the conies be 

^ (a, /3, 7) = uof + v^+ v)rf+ 2w'/S7 + 2 v^a + 2tt?'a/S = 0. . . (1), 
''k («> A 7) =pa^+q^+rrf+ 2pfiry + 2qfya + 2/a/S = 0...(2); 
then every conic passing through their four points of inter- 
section will be represented by an equation of tne form 

<f> (a, A 7) + ^ («, /S, 7) = (3). 
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If the left-hand member of this equation break np into 
two factors, the conic degenerates into two straight lines, real 
or imaginary. The condition that this should happen is 



u +pJc, w' + rh, v' + qJc 
w'+r'k, V +qJc, v! -^p'k 
V* + qJcy u •\-p\ w+ rk 



= ....(4). 



a cubic for the determination of A;, of which the roots are 
either all real, or one real and two imaginary. If the roots 
be all real, the vertices of the quadrangle, which will be the 
centres of the several conies included in the form (3), will be 
all real. If one root only be real, then one vertex only of 
the quadrangle will be real. We proceed to consider how 
the reality of the vertices Lj M, N depends upon that of the 
points P, Qy By 8. 

4. First, suppose all the four points P, Q, P, 8 to be 
real, then it is clear that all the vertices will be real. 

5. Next, let two of the points, P, Q, for example, be 
real, and B, IS, imaginary. 

Then, the line PB can have no other real point but P. For, 
if it had, it would itself become a real line, and we should 
have a real line cutting a real conic in one real and one ima- 
ginary point, which is impossible. 

Hence the point Jf, which lies on PB, is imaginary. 
Similarly the line P8, and the point N, which lies on it, are 
imaginary. The real vertex must therefore be L, which lies 
onP^. 

We may observe that the line B8 will be real. For the 
two lines PQ, B8, considered as one locus, will be represented 
by equation (3) when for k is substituted the real value cor- 
responding to the point L. Hence the form of the expression 
<t> («> ^1 y) +kylr (a, )8, 7) answering to PQ, contains one 
real linear factor, and the other linear factor, which answers 
to B8j will therefore also be real. 
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6. Thirdly, let all the four points of intersection be ima- 
ginaiy* Then the three vertices will all be real. 

For, by what has been shewn above, one vertex Is neces- 
sarily so. Take this as the angular point A of the triangle 
of reference, and let its polar with respect to the two conies 
be taken for the side BC. 

The point B being chosen arbitrarily, let its polar with 
respect to one of the conies be taken as AG. Then this 
conic may be represented by the equation 

a* + vff+vr/ = (1). 

Let the other be represented by 

a^ + q^ + rrf + ^p'fiy^O (2). 

Since the four points of intersection are imaginary, the 
roots of the quadratic 

(j-r) )8* + (r-w) 7^ + 2/^87= 
will be imaginary. Hence 

(?-t^)(^-^)>y (3). 

Now let (0, g, h) be the co-ordinates of either vertex. 
Then, since it has the same polar with respect to both conies, 
the equations 

{qg +/*) P + {pg + rA) 7 = 

will represent the same straight line, hence 

qg-k-ph _ p*g-\'Th 
vg wh 

The two values of £ , given by this equation, will deter- 
mine the vertices. Now the roots of this eqtiation are real or 
imaginary, as 

{qio — rvY + ^vwp^ 0. 
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That is, the vertices will necessarily be real, if v and to 
have the same signs. Suppose them, however, to have con- 
trary signs, then, by (3), 

qr —p^ > jw + rr — VM7 ; 

therefore multiplying both sides by — 4rM7, which is a positive 
quantity, 

— 4t?tt7 (jr — y*) > 4t;w {;pw — jt(? — rv) ; 

> (jM? + n; — 2i?w)" 

>0; 

.*. (jt(? — rt?)'+4i?t(?y">0. 

Hence, when the four points of intersection are imaginary, 
the vertices are in all cases real. 

7. Suppose now that these vertices are taken as angular 
points of tne triangle of reference. Let the conies be repre- 
sented by the equations 

j?a' + j)8' + r7" = 0. 
Then ±7 — ?^, = ±-^ — ^__ = ±- 1 — ^ 

are the equations of the several pairs of common chords of the 
two conies* Since two of the expressions 

qw — rVf ru—piOf pv — qu^ 

piust necessarily have the same sign, it follows that one pair 
at least of common chords is always real. The other two 
pairs will, as may easily be seen, be real or imaginary, accord- 
ing as the four points of intersection are, or are not, all real. 

The above investigations are of use in the theory of pro- 
jections, to which we now proceed. 
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On Projections. 

8. Dep. The surface generated by a straight line of 
indefinite length, which always passes through a given fixed 
point, and always meets a given curve, the curve and point 
not Ijing in the same plane, is called a cone. 

The fixed point is called the vertex^ and will be denoted 
in this chapter by the letter F. 

If a cone be cut by any two planes, either of the curves of 
section is said to be a projection of the other. 

Also the two points in which any generating line is cut 
by two planes are said to be the projections, the one of the 
other. 

It may easily be seen that the projection of any curve on 
a given plane coincides with the shadow of the curve which 
would be cast upon the plane by a luminous point coinciding 
with the vertex of the cone. 

The projection of a point of intersection of any two curves 
will be a point of intersection of their projections. 

The projection of any straight line will be a straight line; 
and that of any curve of the nth degree will be a curve of the 
wth degree. For since any straight line and curve of the «th 
degree intersect in n points, their projections will also intersect 
in n points. 

9. If AB be any given straight line, and a cone be cut 
h^ any plane parallel to VAB, the projection of the line AB 
will be infinitely distant. Hence it is always possible so to 
project a figure, that the projection of any given straight line 
shall be removed to an infinite distance. This is called pro- 
jecting the straight line to infinity. 

10. Any quadrilateral may be projected into a parallelo- 
gram. 

For, if ABGD be any quadrilateral, and the sides -4J5, 
CD be produced to meet in E^ AD, BG in JP, and the line 
EF projected to infinity, then, since the projections of AB^ 
CD intersect at an infinite distance, they will be pariJlel to 
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one another, as also those of -42?, BGy whence it follows that 
the quadrilateral ABGD is projected into a parallelogram. 

11. The angle ^Fi^ will he the angle hetween the pro- 
jections of the sides AB^ BC. For if the plane of projec- 
tion cut the lines VA, VB, FC, VD in A\ B, (7, B' re- 
spectively,, then the points A\ B, C\ B' are respectively the 
projections of -4, B, (7, B. Now the plane ABAlB contains 
the points F, JE, and, since the plane of projection, in which 
the points A\ B lie, is parallel to FJEF, and therefore to FJ?, 
it follows that AlB is parallel to YE. Similarly BG is 
parallel to FJP, and therefore the angle AlB G is equal to the 
angle EVF. 

12. Since the angle EVF may he made of any magni- 
tude, by taking the point F anywnere on any segment of a 
circle of which EF is the base and which contains an angle of 
the required magnitude, it follows that any quadrilateral may 
be projected, in an infinite number of ways, into a parallelo- 
gram of which the angles are of any assigned magnitude. 

13. We may now proceed to detail the application of the 
theory of projections to curves of the second degree. 

It will easily be seen that the projection of any tangent to 
a conic will be a tangent to the projection of the conic. 

Again, if any point and straight line be the pole and polar 
of one another with respect to a given conic, their projections 
will be the pole and polar of one another with respect to the 
projection of the conic. 

For, let be any given point, XY\\& polar with respect 
to any given conic. On Xi take any pomt T, external to 




Fig. 14. 
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the conic, and from Tdraw two tangents jTP, TQ, then PQ 
will pass through 0. Now project the whole system, and let 
(X, Pj Qy 3r, X!y Y' be the respective projections of O, F, 
Q, r, X, Y. Then TF, TQ will be tangents to the pro- 
jected conic, and FQ will pass through O. Hence since T 
is any point on XT', X^T will be the polar of 0\ 

14. From the proposition just proved, it will follow that 
any two conies may be projected into concentric curves. For 
it IS always possible (Arts. 5 and 7) to find one real point at 
least, the polar of which with respect to two given conies is 
the same straight line. Let then this straight line be pro- 
jected to infinity, and its common pole, with respect to the 
two conies, will become the centre of the curves of projection. 

15. It may also be proved that any two conies may be 
projected into similar and similarly situated curves. For it is 
always possible (Arts. 5 and 7) to find two straight lines 
which meet two given conies in the same two points, real or 
imaginary. Project either of these straight lines to infinity, 
and the conies will then be projected into curves, two of the 
points of intersection of which are infinitely distant, that is, 
into similar and similarly situated conies. These will be 
ellipses or hyperbolas, according as the points, in which the 
line projected to infinity meets the conies, are imaginary or 
real. If the two conies have double contact with one another, 
their projections will also be concentric. 

16. The projections, spoken of in the last two articles, 
may be effectea in an infinite number of ways. For any point 
whatever may be taken as the vertex of the cone, and if the 
cone be cut by a plane, parallel to that which passes through 
the vertex and the line which it is required to project to in- 
finity, the required projection will be effected. 

17. It hence follows that it is possible to project any two 
intersecting conies into hyperbolas of any assigned eccen- 
tricity. Suppose, for example, that it is required to project 
two conies, intersecting in points -4, -B, into two similar and 
similarly situated hyperbolas, the angle between the asymp- 
totes of each being a. Take any point F, such that the angle * 
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AVB^aj and describe two cones, of which Fis the common 
vertex, passing through the two given conies. The sections 
of these cones made by any plane parallel to the plane VAB 
will te hyperbolas, of which the asymptotes are parallel to 
VA^ VB respectively, and will therefore be similar and simi- 
larly situatea to one another, and of the required form. 

18. We now come to the most important and most diffi- 
cult point of the theory of projections, the process by which 
from the properties of the circle those of conic sections in 
general may be deduced. We have just seen that any two 
conies may be projected into hyperbolas of any assigned ec- 
centricity. Now this process, the possibility of which we 
have shewn by a geometrical method, of course admits of 
algebraical proof. And the algebraical investigation, on ac- 
count of the continuity of the symbols employed, would not 
take any account of the restrictions introduced into the geo- 
metrical investigation, either as to the conies intersecting in 
real points, or as to the eccentricity of the conies into which 
they are projected being greater than unity. It is therefore 
possible, by an algebraical process, to transform the equations 
of any two conies whatever into those of conies of any eccen- 
tricity^ and therefore into those of circles. The points and 
tangents common to the two given conies will be transformed 
into points and tangents common to their projections, and the 
relations of poles and polars will remain unaltered. 

Since all circles pass through the same two points on the 
line at infinity, it follows that all circles are transformed by 
projection into a system of conies passing through the same 
two points, or having a common chord. Again, since every 
parabola touches the hne at infinity, it follows that all para- 
bolas will project into a system of conies touching the same 
straight line. A system of parabolas and circles will project 
into a system in which all the circles will become conies pass- 
ing through the same two points, and all the parabolas will 
become conies, having the straight line joining those two 
points for a common tangent. 

19. We have seen (Art. 22, Chap. VI.) that the pair of 
imaginary tangents, drawn to a conic from any one of its four 
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foci, satisfy the analytical conditions of being asymptotes to a 
circle, ifence these tangents must themselves meet the line 
at infinity in the two circular points. Conversely, if from the 
two circular points at infinity two pairs of tangents be drawn 
to any conic, these will form an imaginary (juadrilateral, cir- 
cumscribing the conic, the four angular points of which are 
the four foci of the curve. 

Hence all conies having the same focus project into conies 
having a pair of common tangents; and all confocal conies 
into conies inscribed in the same quadrilateraL 

The directrix is the polar of the focus, hence, if two conies 
have the same focus and directrix, they project into two conies 
having a common chord of contact for their common tangents, 
that is, having double contact with one another. 

20. The anharmonic ratio of any pencil or range is un- 
altered by projection. 

Let the transversal PQB8 cut the four straight lines OP, 
OQ, OB, 08. Take any point F, not lying in the plane 
through these straight lines, join VO, VP, VQ^ VR, V8, and 
let these lines be cut by any other plane in 0', P', Qf^ -B', 8. 
Then 

{0\FQ'B8'}^[PgS8'] 

FQ.B!8[ 
^FB'.gS' 

Bin PVQ\ Bin B'VS' 
'"BmPVB.BmQ'y8' 

Bin PVQ. Bin BVS 



'^ Bin PVB. Bin QV8 

PQ.B8 
'"PB.Q8 

^ [PQB8] 

^{O.PQB8\t 
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Hence the anharmonic ratio of the given pencil and range 
is the same as that of their projection. 

21. The following proposition is nsefiil in the projection 
of theorems relating to the magnitude of angles. 

Any two lines which make an angle A with each other^ 
form with the lines joining the circular points at infinity to 
their point of intersection^ a pencil of which the anharmonid 
ratio is 4'-^)'^^. 

It will he understood that the two given lines are taken as 
the first and third legs of the pencil. 

Take the two lines as two sides of the triangle of reference, 
and let them be denoted by /8 — 0, 7 = 0. The lines joining 
their point of intersection to the circular points at infinity 
are given by eliminatmg a between the equation of the line at 
infinity and that of the circumscribing circle, that is, between 

aa + J/S + C7 = 0, - + -5 + -=t0* 
a P 7 

This gives )8' + 2)87COS-4 + 7'=«0. 

Now the two lines represented by the equation 
(/3-A7)(/3 + A;'7) = 
form with ^ = and 7 = a pencil of which the anharmonic 
ratio is y (Art. 23, Chap. I.). In.the present case. 

Hence the anharmonic ratio is 



g-^V-l 



CJOB. In the case in which the lines are at right angles to 
one another, ^ = r- , and the anharmonic ratio becomes unity, 
that is, the four lines form an harmonic pencil. 
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22. The known property of a circle, that ^'the angles in 
the same segment are equal to one another," gives rise to an 
important aoharmonic property of conic sections. The pro- 
perty of the circle may be expressed thus, that *' if u^l, -B be 
any two fixed points on the circumference of a circle, O any 
moving point on it, the angle A OB is constant.'* Project the 
circle mto any conic, and let A\ 5*, 0' be the projections of 
-4, J?, (?; H^ K those of the circular points at infinity. 
Then, firom the result of the last article, it follows that 

{(y.ABHK\ is constant. 

Or, the anharnwnic ratio of the pencil^ formed hy joining 
any point of a conic to four faced points on the curve, is ccyii- 
atant. 

Reciprocating this theorem, in accordance with Art. 13, 
Chap. VII, we see that if any tangent to a conic he cut hy fmr 
fixed tangents y the anharmonic raJtio of the range^ formed hy the 
points of section^ is constants 

23. If P, ^, 5 be three points in a straight line, and 
/?, J, r be their projections, and s the projection of the point 

PO 

at infinity on the line PQB^ then [pgrs"] = -JL . 

\? r T 7^?*^^ PQ.R8 

where 8 denotes the point at infinity on the line PQR. 

PO 

Also B8 : QB in a ratio of equality, hence [pqrs] = -^ . 



24. If P, P', (Q, Q\ B, B'...hG a system of points in 
involution, and^, p\ y, q\ r, r,., their projections, then since 
by Art. 27, Chap. i.lPQBS] = [FQ'B'8'l and by Art. 20 
of this Chapter [PQB8] = [pqrs], [FQ'B8'] = [p'jVV], ,. 
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it follows that [^»*«] ==[pVrV], orjp,jp', y, j*, r, /... are a 
system of points in involution* Hence, any system of points 
in involvJtion projects into a system in involution. 

If P coincide with P, p will coincide with jp\ or the foci 
of one system project into the foci of the other. We may 
observe that the centre of one system will not, in general, 
project into the centre of the other, 

25. Let a system of circles be described through two 
given points -4, A', and let any circle of the system cut a 
given straight Kne in P, F. Produce AA to meet the given 
straight line in 0. Then 

OP.OF^OA.OA, 

or OF. OF is constant for all circles passing through -4, A\ 
Hence, the system of points in which a system of circles, 
passing through two given points, cut a given straight line, 
are in involution. Project the system of circles into a system 
of conies, passing through four given points, and we learn 
that " a system of conies, passing through four given points, 
cut any straight line in a system of points in involution." 

Of this system of conies, one can be drawn so that one of 
its points of intersection with the given straight line shall be 
at an infinite distance, — ^in other words, so that one of its 
asymptotes shall be parallel to the given straight line. The 
other point, in which this conic cuts the given straight line, 
will be the centre of the system. 

Again (see Art 29, injra)^ tioo conies can be described, 
passing through the four given points, and touching the given 
straight line. The two points of contact of these conies will 
be the foci of the system of points in involution. 

By reciprocating these propositions, we obtain analogous 
properties of the system of conies, inscribed in a given quad- 
rilateral, whence, by projection, may be obtained those of a 
system of confocal conies. 

26. When the vertex of the cone, used for pm-poses of 
projection, is infinitely distant, so that the cone itself becomes 
a cylinder, the projection is said to be orthogonal. In this 

F. 10 
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mode of ^projection, the line at infinity remains at an infinite 
distance, and any two parallel lines will therefore project into 
parallel lines. Also any area will bear to its projection a 
constant ratio; and the mutual distances of any thiee points 
in the same straight line will bear to one another the same 
ratios as the mutual distances of their projections. Two per- 
pendicular diameters of a circle will, smce each is parallel to 
the tangent at the extremity of the other, project into two con- 
jugate diameters of an eUipse. By this method, many pro- 
perties of conic sections, more especially those relating to 
conjugate diameters, may be readuy deduced from those of 
the circle. 



On the Detebmination op a Conic fbom five given 
Geometbical Conditions. 

27. If any five independent conditions be given, to which 
a conic is to be subject, each of these, expressed in algebraical 
language, will give an equation for the determination of the 
five arbitrary constants which the equation of the conic in- 
volves. Hence, five conditions suffice for the determination 
of the conic. It may, however, happen that some of the 
equations for the determination of the constants rise to a 
degree higher than the first, in such a case, the constants will 
have more than one value, and more than one conic may 
therefore be described, satisfying the required conditions, 
although the number will still be finite. 

The geometrical conditions of most frequent occurrence 
are those of passing through given points and touching given 
straight lines, with such others as may be reduced to Siese. 
We proceed to consider how many conies may be described in 
each iudividual case. 

28. Let five points he given. 

In this case we have merely to substitute in the equation 
of the conic the co-ordinates of the several points for «, yS, 7 ; 
we shall thus obtain five simple equations for the determina- 
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tion of the constants, and one conic only 'will satisfy the given 
conditions. 

29. Let four points and one tangent he gweru 

Take three of the points as angular points of the triangle 
of reference. Let /, g, h be the co-ordinates of the fourth 
given point, la + m^ + W7 = 0, the equation of the given tan- 
gent. Let the equation of the conic be 

^ + 5 + ^ = 0. 

Then for the. determination of the ratios X : /tt : v, we have the 
equations 

?+f + X = ^' 
f 9 n. 

X*? + /^W + T^n^ — 2fivmn — 2v\nl — 2\fdm = 0. 

'These equations will give two values for the ratios, and 
prove therefore that two conies can be described satisfying 
the required conditions, 

30. Let three points and two tangents he given* 

Take the three points as angular points of the triangle of 
reference. Let the two given tangents be represented by the 
equations 

h-hm^ + ny=Of 

ra + w'/3 + W7 = 0. 
If then the conic be represented by the equation 

a P 7 

we have, for the determination ofX: fi : v, the equations 

X*P + /LtW + j/V — 2fivmn — 2v\nl — 2\film = 0> 

X'Z'" + /aW + ji'n*^ - 2fiinn;n'- 2vXnT- 2Xfd'ni = 0, 

which, being both quadratics, give four values for each of the 
ratios, shewing that four conies may be described satisfyitig 
the given conditions. 
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31. Let two points and three tangents be given* 

Take the three tangents as lines of reference, and let 
/> 99 ^p f\ 9\ A' ^ *te co-ordinates of the two given points. 

Then, if the equation of the conic be 

we shall get, writing/, 5^, A; fj, g\ A', successively for a,j8,7, 
two quadratics for the determination of the ratios \ i fiiv^ 
giving therefore four conies. 

32. Let one point andfaur tangents he given. 

Taking three of the tangents as lines of reference, the 
condition of touching the fourth riven line gives a simple 
equation for the determination of the coefficients, and that of 
passing through the given point a quadratic. Hence, two 
conies may be described, satisfying the given conditions. 

33. Let five tangents he given. 

Taking three of the tangents as lines of reference, the 
condition of touching each of the others gives a simple 
equation for the determination of the constants, shewing that 
one conic only can be described satisfying these conditions. 

The results of Arts. 31, 32, 33, may of course be deduced by 
the method of reciprocal polars, from those of Art& 30, 29, 28. 

34. Several other forms under which the data may be 
given, are reducible to a certain number of lines and points. 
Thus to have given a tangent and its point of contact is 
equivalent to having two points given, the points being 
indefinitely close together. Or, it may be regarded as equi- 
valent to having two tangents given, these tangents being in- 
definitely nearly coincident. To have given 3iat a conic is 
a parabola is equivalent to having a tangent given, since 
every parabola touches the line at infinity. To have given 
that it is a circle is equivalent to having two points given, 
since all circles intersect the line at infinity in the same two 
points. And this explains the reason why four circles can 
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be described touching the sides of a given triangle, but only 
one circumscribed about it. So, to have given that a conic 
is similar and similarljr situated to a given one is equivalent 
to having two points given. To have given an asymptote is 
equivalent to having two points given, for an asymptote may 
be regarded as a tangent, the point of contact of which is 
given (at an infinite mstance). To have given the direction 
of an asymptote is equivalent to having one point, given, for 
this virtually determines the point in which the conic meets 
the line at infinity. 

35. If it be given that three given points form a con- 
jugate triad, this is equivalent to three conditions, as the 
equation of the conic, when these are taken as angular points 
of the triangle of reference, is of the form 

Two more conditions will therefore completely determine 
the conic. If these conditions be that the conic shall pass 
through two given points, or touch two given straight hues, 
or pass through one given point and touch one given straight 
line, one conic only can be drawn to satisfy these condi- 
tions. 

We may observe that, if the above conic pass through 
the point (fi gr, h) it also passes through the three points 
{— / ffy *)» {/» -5^>.A)> (/> ffy -*)» and that, if it touch 
the line (I, m^ w), it also touches the lines (— ?, w, w), 
(Z, — wi, w), (Z, m, — w). 



Examples. 

1. K XYZ be a triangle which moves in such a manner that 
its side YZ always passes through a fixed point jP, ZX through Qy 
XY through R, and if the locus of Z be a fixed conic passing 
through R and P, that of ^ a fixed conic passing through P and 
Q, prove that the locus of X will be a fixed conic passiag through 
Q, Ry and through the other three points of intersection of the 
two given conies. 
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2. If two tangents be drawn to a conic so tliat the points 
in which they out a giren straight line form, with two £xed 
points on the straight Ime, a harmonic range, prove that the locus 
of their point of intersection will be a conic passing through the 
two giyen points. 

3. A system of conies is described touching four given 
straight lines ; prove that the locns of the pole of any fifth given 
straight line with respect to any conic of the system is a straight 
line. 

If the fifth straight line be projected to infinity so that the 
points where it intersects two of the other given straight lines be 
projected into the circular points, what does this theorem beoomel 

4. A Gfystem of conies is described about a given quadrangle; 
prove that the locus of the pole of any given straight line, with 
respect to any conic of the system, is a conic passing through the 
vertices of the quadrangle. 

5. A Efjstem of conies is described touching the sides of a 
given triangle, and £rom a given point a pair of tangents is drawn 
to each conic of the system. Prove that, if the locus of one of 
the points of contact be a straight line, that of the other will be a 
conic circumscribed about the given triangle. 

6. The tangent at any point P of a conic, of which S and jBT 
are the foci, is cut by two conjugate diameters in T,t; prove that 
the triangles SFT^ HPt are similar to one another. 



:exampl£S. 
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1. Prove that the centre of the conic 

aa op cy 
coincides with the centre of gravity of the triangle of reference. 



2. Prove that 



0, 1, 1, 1 
1,0, ^,y- 
l,««,0,a;» 
l,y»,aj»,0 



=(ic +y +«)(ic-y-«) (y-^-oj) {z-Xr-y). 



3. Prove that the square on the radius of the circle, de- 
scribed about the triangle of which the angular points are a, 5, e?, 
is 



1 

2 


0, ah*, w? 
ha\ 0, h<? 
ca*, <*', 



1 
1 
1 


, 1, 1, 1 
, 0, ab\ (u? 
, ha\ 0, 6c» 



Investigate a similar expression for the square on the radius of 
the sphere, described about the tetrahedron of which the angular 
points are a, h^e^d, 

4. /S^ is a focus of a conic, PQ a chord subtending a constant 
angle at 8'y SRy ST are drawn meeting the tangents at F and Q in 
By T respectively, so that the angles FSR, QST are constant; 
prove that RT always touches a conic having S for a focus, and a 
directrix in common with the given conic. 
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5. Prove that, if the conic (^* + (mj8)* + (i^)* = be a para- 
bola^ its focus and directrix are given by the equations 

la _ mP _ ny 

la mP **y _n 

tauil tan^ tanC"" 

Hence prove that, if a parabola touch three straight lines, its 
directrix always passes through a fixed point State, in geometri- 
cal language, the position of this point relatively to the three 
straight lines. 

6. A system of parabolas is described so that a given triangle 
is self-conjugate with respect to each curve of the system ; prove 
that the locus of the focus is a circle, that the dii^ectrix always 
passes through the centre of the circle described about the tri- 
angle, and that every parabola of the system touches the three 
straight lines which bisect each pair of sides of the triangle. 

7. If F be any point on the circumference of a circle, O any 
fixed point, prove that the locus of the point, in which the tangent 
at F intersects the line which bisects OF at right angles, is a 
straight line. 

8. A rectangular hyperbola circumscribes a triangle; shew 
that the loci of the poles of its sides are three straight Imes form- 
ing another triangle, whose angular points lie on the sides of the 
fii^ where they are met by perpendiculars from the opposite an- 
gular points. 

9. If ABC, A'BC be two triangles, each of which is self- 
conjugate with regard to the same given conic^ shew that another 
conic can be described about both 

10. K a, )3, y, 8 be the distances of a point from four given 
straight lines, so connected that Za + mP + wy +^8 = 0, prove that, 
if a conic be described, touching these four straight lines, the locus 
of either of its foci will be the curve of the third degree repre- 
sented by the equation 

I Tth n p ^ 
a p y h 
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11. Prove that the polar reciprocal of a rectangular hyperbola 
with respect to any point S, is a conic, the sum of the squares on 
the semi-axes of which is equal to the square on the distance of its 
centre from S. 

12. Two given conies are so related that each of their common 
tangents subtends a right angle at a given point. Prove that, if 
any two points be taken, one on each conic, so that the line join- 
ing them also subtends a right angle at that point, the envelope of 
this line will be a conic, of which that point is a focus. 

13. In Example 2, p. 116, prove that if any conic (A) be 
drawn touching the directrices of the four conies, the polar of 
the given point with respect to it will be a tangent to a conic, 
having the given point as focus and touching the sides of the tri- 
angle; and that the tangents from the given point to A are at 
right angles to each other. 

14. If, through a fixed point 0, a straight line be drawn cut- 
ting the sides AJB, AG of a triangle A£G in P, Q respectively, and 
BQ, CP be joined, prove that the locus of their point of intersec- 
tion is a conic circumscribing the triangle ABC, 

15. If Pa, Pb, Po ^ ttie semi-diameters of a conic, respectively 
parallel to the sides of the triangle of reference, prove that the 
area of the conic is 

smilsm^smO' \ Pa /\ Pb /\ pc I 

_ ^_, sin -4 sinj5 sin (7 
where 25 = + + . 

Pa Pb Pc 

16. FQ is the chord of a conic, having its pole on the chord 
AB or AB produced; Qq is drawn parallel to -4j5 meeting the 
conic in q\ shew that Fq bisects the chord AB, 

17. Similar circular arcs are described on the sides of a tri- 
angle ABGj their convexities being towards the interior of the tri- 
angle; shew that the locus of the radical centre of the three circles 
is the rectangular hyperbola 

sin(^-(7) sin(C-^) 8in(ii~^) 
F. 11 
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18. Prove that, if r be either semi-axis of the curve repre- 
sented by the equation 

i*a* + vjP + to/ + 2tt jSy + 2t?' ya + 2 w' a)8 = 0, 

the values of r will be the roots of the equation 

a" 6' 






1 1^ + -^ {cvf -cm' - hv) V r* - cs cos (7 



= 0, 





ahc 


u, to, V 




where 8~~ 




V, U'y W 








Uf Wy Vy a 






w\ Vy u\ h 






V, u, w, c 






a, h, c, 


1 



THE END. 
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Second Edition. 156 pp. (1857). Crown 8vo. cloth. 5*. 6d, 

"An excellent Introductory Book. The definitions are very clear; 
the descriptions and explanations are sufficiently full and intelligible ; ti^e 
investigations are simple and scientific. The examples greatly enhance 
its value." — English Joubnal of Education. 

This Edition contains 147 Examples, and solutions to all these ex- 
amples are given at the end of the book. 

Macmillan and Go. 
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12. Analytical Statics. 

WITH NUMEROUS EXAMPLES. 

By L TOBHVNTEE, M,A. 

Second Edition. 330 pp. (1858). Crown 8vo. cloth. io«. 6rf, 

In this work will be found all the propositions which nsuaUy appear 
in treatises on Theoretical Statics. To tne different chapters Eramples 
are appended, which ha^e been selected principally firom the University 
and College Examination Papers ; these wiU furnish ample exercise in 
the application Qf the principles of the subject. 

13. Dynamics. A Treatise. 

By W. P. WlLSONy M.A. 

Professor of Mathematics in the University of Melbourne. 

176 pp. (1850). 8vo. 9«. 6d. 

This Treatise contains the fundamental principles of the science, with 
their application to the motion of particles and to the simpler cases of the 
motion of bodies of finite magnitude. 

14. Dynamics of A Particle. 

WIjTH NUMEROUS EXAMPLES. 
By P. G. TAIT, MA., and JT. J. STUJEZH, B.A. 

Late Fellows of St. Peter's College, Cambridge. 

304 pp. (1856). Crown 8to. cloth. io«. 6d. 

In this Treatise will be found all the ordinary propositions connected 
with the Dynamics of Particles which can be convenienfly deduced 
without the use of D'Alemberf s Principles. Throughout the book will 
be found a number of illustrative Examples introduced in the text, and 
for l^e most part completely worked out ; others, with occasional solutions 
or hints to assist the student, are appended to each Chapter. 
Cambridge and London. 
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15. A Treatise on Attractions, La Place's 
Functions, and the Figure of the Earth. 

By J. H, PRATT, Jf.A. 

Archdeaoon of Calcutta, late Fellow of GonyiUe and Caius College, 
Cambridge. 

Second Edition. Crown 8yo. 126 pp. (1861). cloth. Ss. 6d. 

In the present Treatifle the author has endeayoured to supply the want 
of a work on a subject of great importance and high interest— La Place's 
Coefficients and Functions and the calculation of the Figure of the Earth 
by means of his remarkable analysis. No student of the higher branches 
of Physical Astronomy should be ignorant of Laplace's analysis and its 
result—" a calculus," says Airy, " me most singukr in its nature and ihe 
most powerful in its application that has eyer appeared." 



16. Dynamics of A System of Rigid 
Bodies. 

WITH NUMEROUS EXAMPLES. 

Bif EDWARD JOHN ROUTH, M.A. 

Fellow and Assistant Tutor of St. Peter's College, Cambridge. 

336 pp. (i860). Crown 8vo. cloth. io«. 6d. 

Contents : Chap. I. Of Moments of Inertia. — II. D'Alemberf s Prin- 
ciple. — III. Motion about a Fixed Axis. — IV. Motion in Two Dimen- 
sions. — ^y. Motion of a Bigid Body in Three Dimensions. — ^YI. Motion 
of a Flexible String. — ^VII. Motion of a System of Rigid Bodies.— VIII. 
Of Impulsiye Forces. — IX. Miscellaneous Examples. 

The numerous Examples which will be found at the end of each 
chapter haye been chiefly selected from the Examination Papers set in 
the Uniyersity and Colleges of Cambridge during the last few years. 

Macmillan and Co. 
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17. A Treatise on Optics. 

By 8. PARKINSON, B.B. 
Fdlow and Assistant Tutor of St. John's College, Cambridge. 

304 pp. (1859). Crown 8vo. 10*. 6d, 

The present work may be regarded as a new edition of the TreatiH on 
Optica, by the Key. W. N. Griffin, which being some time ago out of 
jprint, was very kindly and liberally placed at the disposal of the author. 
The author has freely used the Ubert^ accorded to him, and has re-arranged 
the matter with considerable alterations and additions — especially in those - 
parte which required more copious explanation and illus^tion to render 
the work suitable for the present course of reading in the Uniyersity. 
A collection of Examples and Problems has been appended, which are 
sufficiently numerous and yaried in character to affoid an useful exercise 
for the student : for the greater part of them recourse has been had to 
the Examination Papers set in the Uniyersity and the seyend Colleges 
during the last twenty years. 

Subjoined to the copious Table of Contents the author has yentmred to 
indicate an elementary course of reading not imsuitable for the require- 
ments of the First Airee Days in the Cambridge Senate House Ex- 
aminations. 

18. Geometrical Treatise on Conic 
Sections. 

WITH A COPIOUS COLLECTION OP EXAMPLES. 

By W. H. DREW, M.A. 

Second Master of Blackheath School. 

Second Edition. Crown 8vo. cloth. 4«. 6d, Nearly Beady. 

In this work the subject of Conic Sections has been placed before 
the student in such a form that, it is hoped, after mastering the ele- 
ments of Euclid, he may find it an easy and interesting continuation of 
his geometrical studies. With a yiew also of rendering the work a com- 
plete Manual of what is required at the Uniyersities, there haye been 
either embodied into the text, or inserted among the examples, eyery 
book- work question, problem, and rider, which has been proposed in tlie 
Cambridge examinations up to the present time. 

19. Solutions to the Problems in Drew's 
Conic Sections. 

Crown 8vo. cloth. 4«. 6d. 
Oambridge and Iiondon. 
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20. Plane Co-Ordinate Geometry 

AS APPLIED TO THE STRAIGHT LINE AND THE 
CONIC SECTIONS; 

£ff L TODHUNTER, M.A. 
Third and Cheaper Edition. Crown 8to. cloth. 7«. 6d. 

This 1^-eatise exhibits the subject in a simple maimer for the benefit of 
beginners, and at the same tmie includes in one volume aU that 
students usuall^r require. The Examples at the end of each chapter wilL 
it is hopedi funush sufficient exercise, as they have been carefully selected 
with the yiew of illustrating the most important points, and Imye been 
tested by repeated experience with pupils. In consequence of the 
demand for uie work proving much greater than had been originally 
anticipated, a large number of copies of the Third Edition has been 
printed, and a considerable reduction effected in the price. 

21. An Elementary Treatise on the 
Theory of Equations, 

WITH A COLLECTION OF EXAMPLES. 
By I. TODEUNTER, M.A,, 

Crown 8vo. cloth. 7*. 6rf. 

This treatise contains aU the propositions which are usually included 
in elementary treatises on the Theory of Equations, together with a collec- 
tion of Examples for exercise. It may be read by those who are familiar 
with Algebra, since no higher knowlecige is assumed, except in Arts. 175, 
267) 308 — 314, which may be postponed by those who are not acquainted 
with De Moiyre's Theorem in Trigonometry. This work may in fact be 
regarded as a sequel to that on Algebra by the same writer, and accord- 
ingly the student has occasionally been referred to the treatise on Algebra 
for preliminary information on some topics here discussed. 

The Examples have been selected from the College and TTnirersity ex- 
amination papers, and the results have been given where it appeared 
necessary ; in most cases however, from the nature of the question, the 
student wiU be able immediately to test the correctness of his answer. 

22. Examples of Analytical Geometry 
of Three Dimensions. 

Collected hy I. TODHUNTER, M.A. 
76 pp. (1858). Crown 8vo. cloth. 4«. 

A collection of examples in illustration of Analytical Geometry of 
Three Dimensions has long been required both by students and teachers 
and the present work is published with the view of supplying the want. 

MacxniUaii and Co. 
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23. Conic Sections and Algebraic 
Geometry. 

WITH NUMEROUS EASY EXAMPLES PEOGRESSIVELY 
ARRANGED. 

By G. m PUCKLE, MA, 

Principal of Windermere College. 

Second Edition. 264 pp. (1856). Crown 8vo. 'js.Sd. 

This book has been written with special reference to those difficulties 
and misapprehensions which commonly beset the student when he com- 
mences. With this object in view, the earlieV part of the subject has been 
dwelt on at length, and geometrical and numerical illustrations of the 
analysis have been introduced. The Examples appended to each section 
are mostly of a very elementary description. The work will, it is hoped, 
be found to contain all that is required by the upper classes of schools 
and by the generality of students at the Universities. 

24. An Elementary Treatise on Trilinear 
Co-Ordinates. 

THE METHOD OF RECIPROCAL POLARS, AND THE 
THEORY OP PROJECTILES. 

By JV: M. FURRURS, M.A. 
Fellow and Mathematical Lecturer of Gonyille and Caius Coll. Cambridge. 

154 pp. (1861). Crown 8vo. cloth. 6s. 6d. 

The object of the Author in writing on this subject has mainly been 
to place it on a basis altogether independent of the ordinary Cartesian 
System, instead of regarding it as only a special form of abridged Notation. 
A short chapter on Determinants has been introduced. 

25. The Diflferential .Calculus. 

By I. TOBRUNTER, M.A. 

Third Edition, 398 pp. (i860) Crown 8vo. cloth, io«. 6d. 

This work is intended to exhibit a comprehensive view of the Differ- 
ential Calculus on the method of Limits. In the more elementary 
portions, explanations have been given in considerable detail, with the hope 
that a reader who is without the assistance of a tutor may be enabled to 
acquire a competent acquaintance with the subject. More than one in- 
vestigation of a theorem has been frequently given, because it is believed 
that the student derives advantage from viewing the same proposition 
under different aspects, and that in order to succeed in the examinations 
which he may have to undergo, he should be prepared for a considerable 
variety in the order of arranging the several branches of the subject, and 
for a corresponding variety in the mode of demonstration. 
Gaxnbridfire and Ijondon. 
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26. The Integral Calculus and Its 
Applications. 

By L TOBHXTNTER, M.A. 

Second Edition. Crown 8yo. cloth, los, 6d, 

In writmg the present Treatise on the Integral CaleuhiSy the object has 
been to produce a work at once elementarj and complete— -adaptedf for the 
use of beginners, and sufficient for the wants of advanced students. In 
the selection of the propositions, and in the mode of establishing tham, 
the author has endeavoured to e^bit fully and clearly the principles of 
the subject, and to illustrate all their most important results. In order 
that ihe student may find in the volume all that he requires, a large 
collection of Examples for exercise has been appended to the different 
chapters. 

27. Diflferential Equations. 

By GEORGE BOOLE, B.CL. 

Professor of Mathematilcs in the Queen's University, Ireland. 

468 pp. (1859). Crown 8vo. cloth. 14*. 

The Author has endeavoured in this treatise to convey as complete an 
account of the present state of knowledge on the subject of the Differraitial 
Equations as was consistent with the idea of a worx intended, primarily, 
for elementary instruction. The object has been first of all to meet the 
wants of those who had no previous acquaintance with the subject, and 
also not quite to disappoint others who might seek for more advanced 
information. The earUer sections of each chapter contain that kind of 
matter which has usually been thought suitable for the beginner, while 
the latter ones are devoted either to an account of recent discovery, or to 
the discussion of such deeper questions of principle as are likely to 
present themselves to the reflective student in connection with tibe meuiods 
and processes of his previous course. 

28. The Calculus of Finite Diflferences. 

By GEORGE BOOLE, I),C,L, 

248 pp. (i860). Crown 8vo. cloth. io«. 6d. 

In this work particular attention has been paid to the connexion of the 
methods with those of the Differential Calculus — a connexion which in 
some instances involves far more than a merely formal analogy. The 
work is in some measure designed as a sequel to the Author's Treatise on 
Differential Equations, and it has been composed on the same plan. 

MaemillaTi and Oo. 
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29. Singular Properties of the EUipSoid 

AND' ASSOCIATED SUKFACES OF THE Nih DEGREE. 
By the B^, G. F. CHILDE, M.A. 

Mathematicfll Professor in tlie South African College. 

152 pp. (1861). 8vo. boards. 10«. 6d. 

As the title of this yolmne indicates, its object is to develope pecu- 
liarities in the Ellipsoid ; and further, to establish analogous properties 
in unlimited congeneric series of which this remarkable surface is a con- 
stituent. 

30. Senate-House Mathematical Problems. 

WITH SOLUTIONS. 
1848-61. By FERRERS and JACKSON. 8vo. 16*. 6d. 
1848-61. (Riders). By JAMESON. 8vo. 7s. 6d. 
1854. By WALTON and MACKENZIE. 8vo. 10«. 6d, 
1867. By CAMPION and WALTON. 8vo. 8«. 6rf. 
1860. By ROUTH and WATSON. Crown 8vo. 7». 6rf. 

The above books contain Problems and Examples which haye been 
set in the Cambridge Senate-house Examinations at various periods 
during the last twelve years, together with Solutions of the same. 
The Solutions are in all cases given either by the Examiners them- 
selves or under their sanction. 

31. A Collection of Mathematical 
Problems and Examples, 

WITH ANSWERS. 
By mA. MOROANy M.A. 

Fellow of Jesus College, Cambridge. 

190 pp. (1858). Crown 8vo. 6». 6i. 

This book contains a number of problems, chiefly elementary, in the 
Mathematical subjects usuallv read at Cambridge. They have been 
selected from the papers set during late years at Jesus College. Very 
few of them are to be met with in other collections, and by far the 
larger number are due to some of the most distinguished Mathematicians 
in the University. 

32. Mathematical Tracts 

ON THE LUNAR AND PLANETARY THEORIES, FIGURE 
OF THE EARTH, THE UNDULATORT THEORY OF 
OPTICS, &c. 

By the ASTRONOMER ROYAL, G. B. Aiby, M.A. 
Fourth Edition. 400 pp. (1858). 8vo. 15*. 
Oambridge a&d I«oiicU>n. 
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33. Theory of Errors of Observations and 
the Combination of Observations. 

By the ASTRONOMER ROYAL, G. B. Aiky, M.A. 

103 pp. (1861). Crown. 8vo. 6». 6d, 

In order to spare astronomers and observers in natural philosophy 
the confusion and loss of time which are produced by referring to the 
ordinary treatises embracing both branchee of Probabilities, the author 
has thought it desirable to draw up this work, relating only to Errors of 
Observation, and to the rules derivable from the consideration of these 
Errors, for the Combination of the Results of Observations. The Author 
has thus also the advantage of entering somewhat more fully into several 
points of interest to the observer, than can possibly be done in a Greneral 
Theory of Probabilities. 

34. The Construction of Wrought-Iron 

Bridges. 

EMBEACIKG THE PRACTICAL APPLICATION OF THE 

PRINCIPLES OP MECHANICS TO WROUGHT-IRON 

GIRDER-WORK. 

By J. HERBERT LATHAM, M.A., Civil Engineer. 

*^ The great merit of this book is that it deals with practice more than 
theory. All the calculations in the book connected with the strength of 
girders are based upon their actual application which abounds in practical 
investigations into girder- work in aU its bearings, and will be welcomed as 
one of the moet valuable eontributiofu yet made to this important branch of 
engineering." — ^ATHBWiBUM. 

35. History of the Progress of The 
Calculus of Variations 

DURING THE NINETEENTH CENTURY. 
By L TOBHUNTER, M.A. 

Fellow and Principal Mathematical Lecturer of St. John's Coll. Camb. 

It is of importance that those who wish to cultivate any subject may 
be able to ascertain what results have already been obtained, and thus 
reserve their strength for difficulties which have not yet been conquered. 
And these who merely desire to ascertain the present state of a subject 
without any purpose of original investigation will often find that the 
study of the past history of that subject assists them materially in ob- 
taining a soimd and extensive knowledge of the condition which it has 
attained. The Author has endeavoured in this work to ascertain distinctly 
what has been effected in the Progress of the Calculus, and to form some 
estimate of the manner in which it has been effected : accordingly, unless 
the contrary is distinctly stated, it may be assumed that any treatise or 
memoir relatiug to the Calculus of Variations which is described in this 
work has undergone thorough examination and study. 

Macmillan and Co. 
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36. Help to Latin Grammar. 

WITH EAST EXERCISES, BOTH ENGLISH AND LATIN, 
QUESTIONS AND VOCABULARY. 

jBy J. WRIQRT, M.A. 

Head Master of Sutton ColdfLeld School. 

175 PP- (1^55)- Crown 8vo. cloth. 4*. 6d. 

<^ This book aims at helping the learner to overstep the threshold 
difficulties of the Latin Grammar; and never was there a better aid 
offered alike to teacher and scholar in that arduous pass. The style is at 
once familiar and strikingly simple and lucid ; and the explanations pre- 
cisely hit the difficulties, and thoroughly explain them. It wiLL also 
much facUitate the acquirement of English Grammar." — ^English Joubnal 
OP Education. 



37. The Seven Kings of Kome. 

A FIRST LATIN READING BOOK, ABRIDGED FROM LIVY, 
BY THE OMISSION OF DIFFICULT PASSAGES, WITH 
NOTES AND INDEX. 

By J, WRIGHT, MA. 

Second Edition. 138 pp. (1857). Fcap. 8vo. cloth. 3*. 

This work is intended to supply the pupil with an easy Constniing-book, 
which may, at the same time, he made tibe yehicle for instructing him in 
the rules of ^timmar and principles of composition. These hranches of 
the study of Latin seem to the author to have hitherto heen kept too much 
apart. Boys have construed their Delectus, or Eutropius, or Nepos, and 
have gone elsewhere for their grammatical exercises. Nor can this be 
wondered at. An educated man must feel positively ashamed of taking 
his pupils away from our good English authors, and setting before him 
instead a Delectus or Eutropius. He therefore skims over them as 
lightly, and escapes from them as quickly as possible, .and has recourse 
for his composition lesson to one of the many exercise-books which 
swarm from our educational press. To remedy these evils this book 
has been published. Here Livy tells his own pleasant stories in his own 
pleasant words. What is omitted, is that which no one can wish 
a begioner to learn, and which may be better learnt elsewhere. Let 
Livy be the master to teach a boy Latin, not some English collector of 
. sentences, and he will not be found a dull one. 
Canxbridg^e and London. 
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38. Vocabulary and Exercises on '' The 
Seven Kings of Rome." 

94 PP' (^^S?)' Crown 8vo. cloth, is. 6d. 

The Tocabulary U published apart from the Text in order to suit the 
▼iewB of those who prefer their pupils to consult a general dictionaiy, 
but it may also be had bound together with the " Seven Kings of 
Bomb," if preferred. As the aim of the Text is to teach the elements 
of grammar, so the Exercises are intended to test the pupil's knowledge of 
grammar. Indeed there is hardly an ordinary Latin construction whicli 
IS not illustrated in the text, explained in the notes, and proved in the 
exercises. 

39. Hellenica. 
A First Greek Beading Book. 

PROHLDIODORUS AND THUCYDIDES. WITH VOCABULARY. 

By J. WRIGHT, M.A. 

Author of " A Latin Grammar." 

Second Edition. 150 pp. (185 1). Fcap. 8vo. cloth, ^s, 6d, 

In the last twenty chapters of this volume, Thucydides sketches the 
rise and progress of uie Athenian Empire in so dear a style and in such 
simple limguage, that the author doubts whether any easier or more 
instructive passages can be selected for the use of me pupil who is 
commencing Gre^. 

40. A First Latin Construing Book. 

. By SDWARB TERINO, M.A, 

Head Master of Uppingham School. 

104 pp. (1855). Fcap. 8vo. 2«. 6d. 

This Construing Book is drawn up on the same sort of graduated scale 
as the Author's English Grammar. Passages out of the best Latin Poets 
are gradually built up into their perfect shape. The few words altered, or 
inserted as the passages go on, are printed in Italics. It is hoped by 
this plan that the learner, whilst acquiring the rudiments of language, 
may store his mind with good poetry and a good vocabulary. 

Hacmillaa and Co. 
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41. Juvenal. 

WITH ENGLISH NOTES. 
By JOHN E. B. MA YOB, M.A. 

Fellow and Classical Lecturer of St. John's College, Cambridge. 

464 pp. (1854). Crown 870. cloth. io«. 6d. 

"A School edition of Juvenal, which, for really ripe scholarship, 
eztensiye acquaintance with Latin literature, and familiar knowledge with 
Continental criticism, ancient and modem, is unsurpassed, we do not say 
among English School-books, but among English editions generally." — 
Edinbuboh Eeyiew. 

42. Cicero's Second Philippic. 

WITH ENGLISH NOTES. 

By JOHN JS. B. MAYOR, M.A, 

168 pp. 1 861). Fcp. 8vo. cloth. 5«. 

The Text is that of Halm's 2nd edition (Leipsig, Weidmann, 1858^, 
with some corrections from Madvig's 4th Edition (Copenhagen, 1858). 
Halm's Introduction has been closely translated, with some additions. His 
notes haye been curtailed, omitted, or enlarged, at discretion ; passages 
to which he gives a bare reference, are for the most part printed at 
length ; for the Greek extracts an English version has been substituted. 
A large body of notes, chiefly grammatical and historical, has been added 
from various sources. A list of books useful to the student of Cicero, 
a copious Argument, and an Index to the introduction and notes, complete 
the book. 

43. Sallust. 

WITH ENGLISH NOTES. 

By C, MERIVALE, B,B. 

Author of "A History of Some," &c. 
Second Edition. 172 pp. (1858). Fcap. 8vo. ' 4«. 6d. 

" This School edition of Sallust is precisely what the School edition of 
a Latin author ought to be. No useless words are spent in it, and no 
words that could be of use are spared. The text has been carefolly 
collated wi^ the best editions. It is printed in a large bold type, which 
manifests a just regard for the young eyes that are to work upon it : 
under the text there flows through every page a full current of ex- 
tremely Well-selected annotations." — The Examineb. 

The " Catilina" and " Juguktha" way he had separately, price 

2s. 6d. each, hound in cloth. 
Cambridge and London. 
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44. Demosthenes on the Crown. 

WITH ENGLISH NOTES. 

By B. BRAKE, M.A. 

Lite Fellow of Ejng's College, Cambridge. 

Second Edition. To which is prefixed JSschdteb against 

Ctesiphok. With JElnglish Notes. 

287 pp. (i860). Ecap. 8vo. cloth. 5«. 

The fint edition of the late Mr. Drake's edition of Demostlienes de 
Corona having met with considerable acceptance in yarious Schools, and 
a new edition being called for, in accordance with the wishes of many 
teachers has been appended the Oration of JBschines against Ctesiphon, 
with useful notes by a competent scholar. 

45. Demosthenes on the Crown. 

TRANSLATED INTO ENGLISH. 

By J, P. N0EEI8, M.A. 

H.M. Inspector of Schools. 
(1850). Crown 8vo. 3*. 
** Admirably representing both the sense and style of the original." 

^-AtHENJBITX. 4r 

46. Thucydides. Book VI. 

WITH ENGLISH NOTES, MAP AND INDEX. 

By P. FB08T, Jun., M.A. 

Late Fellow of St. John's College, Cambridge. 

8vo. cloth. 7«. 6d. 

It has been attempted in this work to facilitate the attainment of 
accuracy in translation. With this end in view the Text has been treated 
grammatically. ^ 

47. JEschyli Eumenides. 

WITH ENGLISH VERSE TRANSLATION, COPIOUS 
INTRODUCTION, AND NOTES. 

By B. BRAKE, M.A. 

Editor of " Demosthenes de Corona." 

<^ Mr. Drake's ability as a critical Scholar is known and admitted. In 
the edition of the Eumenides before us we meet with him also in the 
capacity of a Poet and Historical Essayist, llie translation is flowing 
and mdodious, elegant and scholarlike. The Greek Text is well printed : 
the notes are clear and useful." — Guabdian. 

DCacmillaxi and Co. 
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48. Elements of Grammar Taught in 
English. 

WITH QUESTjlONS. 

By EDWARD TUBJNQ, M.A. 

Head Master of TTppingham Grammar School. 

Third Edition. 136 pp. (i860.) Demy i8mo. 28. 



49. The Child's English Grammar. 

By the same Author. 

New Edition. 86 pp. (1859). Demy i8mo. ' i«. 

The Author's effort in these two books has been to point out the broad, 
beaten, eyery-day path, carefullyaToiding digressions into the byeways 
and eccentricities of language. This Work took its rise from question- 
ings in National Schools, and the whole of the first part is merely 
the writing out in order the answers to questions which have been 
used already with success. The study of Grammar in English has 
been much neglected, nay by some put on one side as an impossibility. 
Hiere was perhaps much ground for this opinion, in the medley of arbi- 
trary rules thrown before the student, which applied indeed to a certain 
number of instances, but would not work at all in many others, as must 
always be the case when principles are not put forward in a language full 
of ambiguities. The present work does not, therefore, pretend to be 
a compendium of idioms, or a philological treatise, but a Grammar. Or 
in other words, its intention is to teach the learner how to speak and 
write correctly, and to understand and explain the speech and writings of 
others. Its success, not only in National Schools, from practical work in 
which it took its rise, but tiao in classical schools, is fUll of encourage- 
ment. 



50.' School Songs. 

A COLLECTION OF SONGS FOE SCHOOLS. 

SBStl^ tl^t pnstc ^rrangi^b for ^mt 9mtB» 
Edited ly the Rev. E. THRINQ and H. RICCIU8. 
Music Size. 79. 6d. 
Oambridge and London. 
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51. St. Paul's Epistle to the Romans. 

THE GREEK TEXT WITH ENGLISH NOTES. 

By a J. VAUQRAN, D.D, 

Head Master of Harrow School. 

Second Edition. Crown 8to. doth (1861). ^9. 

By dftdicating this woik to his elder Pupils at Hairow, the Author 
hopes that he simdently indicates what is uid what is not to be looked 
for in it He desires to record his impression, deriyed from the experience 
of many years, that the Epistles of the New Testament^ no less than tiie 
Gospels, are capable of iumishinff useful and solid instruction to the 
highest clasncfi oif our Public ScfaooU. If they axe taugHt accurately, not 
oontroTSrsiany ; positiyelY, not negatiyely; authoritatilyely, yet not 
dogmatically ; tau^t with dose and constant reference to weir literal 
meaning, to the connexion of their parts, to the sequence of their argu- 
ment, as well as to their moral and spiritual instruction; they will 
interest, they will inform, they will eleyate ; they will inspire a reyer- 
enoe for Scripture neyer to be discarded, they will awaken a deabe to 
drnik more deeply of the Word of God, certain hereafter to be gratified 
and fulfilled. 
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writers of distinction. When the present series of Manuals was protected, 
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available for the desired object. In the course of the last twenty years 
the whole question of liturgical knowledge has been reopened wim great 
learning and accurate reseiuidbi, and it is mainly with the view of epito- 
mizing their extensive pubHcations, and correcting by their help the 
errors and nusconceptions which had obtained currency, that the present 
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for the authenticity of its component parts and the whole mass of Christian 
literature. Such a method of inoruiry will convejr both the truest notion 
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INTKODUCTION TO THE STUDY OP THE 

GOSPELS. By BROOBE FOSS WESTCOTT, M.A. 458 pp. 
[I860]. Crown 8vo. cloth. 10«. 6rf. 

The title of this book will explain the chief aim which the Author 
had in view. It is intended to be an Introduction to the Study of the 
Gospels. The Author has therefore confined himself in many cases to 
the mere indication of lines of thought and inquiry from the conviction 
that truth is felt to be more precious in proportion as it is opened to us 
by our own work. In a subject which involves so vast a literature much 
must have been overlooked ; but the Author has made it a point at least 
to study the researches of the great writers, and conscioudy to neglect 
none. 
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